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Definition of shells

­ givenreferencesurface;

­ the points of the structure are within a small distance from it, compared to 

the overall sizes of the structure 

Shellelement:

Note: topandbottomelementaryvolume:

tzx = 0 ;tzy = 0 (freesurface)

Ý at theintradosandextrados:

txz = 0 ;tyz = 0
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Definition of shells

­ givenreferencesurface;

­ the points of the structure are within a small distance from it, compared to 

the overall sizes of the structure 

Shellelement:

Themostcommonmodels

dependingon thethickness:

­membrane

­ Kirchhoff ïLove shell(Ăclassicalòshelltheory)

­Mindlin ïReissnershell

(Ălinearsheardeformationtheoryò)

­ third-ordersheardeformationmodel

­ thick shells: 3D continuumor DEM

in
c
re

a
s
in

g
 h

x

y

z

4 / 38



THIS LECTURE:

SHELL THEORIES

Definition of shellsandtheshellelement

Themostimportantshelltheories

Membranes; soapfilms

Kirchhoff-Loveshells(Ăclassicalshellsò,Ăshellbendingò)

Reissner-Mindlin shells(Ălinearsheardeformationtheoryò)

Third-ordersheardeformationtheory

Membranesolution: Examples

Repetitionfrom Maths: Principalcurvaturesatasurfacepoint

Membranesolutionfor sphericaldomes

Membranesolutionfor fanvaults

Questions
5 / 38



The most important shell theories

Membranes:

­ stresses:

alongh:sx,sy andtxy areconstant

sz,txz andtyz arezero

­ displacements:

translationsof thepointsof thereferencesurface:

u(x,y), v(x,y), w(x,y)

translationsof theotherpoints:

u1(x,y,z)=u(x,y), u2(x,y,z)=v(x,y), u3(x,y,z)=w(x,y)
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The most important shell theories

Membranes:

Specialcase: ĂSOAPFILMSò

if thematerialcannotcarryshear:

­ stresses:

alongh:sx,sy,txy: constant:

sx andsy areequal,txy = 0

sz,txz,tyz zero

­ displacements:

translationsof thepointsof thereferencesurface:

u(x,y), v(x,y), w(x,y)

translationsof theotherpoints:

u1(x,y,z)=u(x,y), u2(x,y,z)=v(x,y), u3(x,y,z)=w(x,y)
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The most important shell theories

Kirchhoff ïLoveïshells: Ăclassicalshellsò,Ăshellbendingò

Kirchhoff-hypothesis:

theplanarcrosssectionsbeingperpendicularto thereferencesurface

will, afterdeformation,remain

­ planar,and

­ perpendicularto the(deformed)referencesurface

Basicassumptionsof Love:

(1) theshellis thin

(2) translationsandrotationsaresmall

(3) straightmateriallinesbeingorthogonalto thereferencesurface

will remainorthogonalalsoafterdeformation

(4) crosswiseshearstressesarenegligible
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The most important shell theories

Kirchhoff ïLoveïshells: Ăclassicalshellsò,Ăshellbendingò

­ stresses:

alongh :sx,sy andtxy vary linearly

sz,txz aretyz zero

­ displacements:

pointsof thereferencesurface:

u(x,y), v(x,y), w(x,y), Ýq1(x,y),q2(x,y)

translationsof otherpoints:
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The most important shell theories

Kirchhoff ïLoveïshells: Ăclassicalshellsò,Ăshellbendingò

­ displacements:

pointsof thereferencesurface:
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translationsof otherpoints:
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The most important shell theories

Kirchhoff ïLoveïshells: Ăclassicalshellsò,Ăshellbendingò

Remark:

for planarreferencesurface:

for curvedreferencesurface:

q1 andq2 canuniquelybedetermined

from thecurvaturesandfrom

­ displacements:

pointsof thereferencesurface:

u(x,y), v(x,y), w(x,y), Ýq1(x,y),q2(x,y)

translationsof otherpoints:
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The most important shell theories

ReissnerïMindlin ïshells: Ălinearsheardeformationtheoryò

planarsectionsperpendicularto thereferencesurfacewill, afterdeformation,

­ remainplanar(linearwharpingfunction),but

­ notperpendicularto the(deformed)ref. surface

crosswisesheareffectsare takeninto account!

­ displacements:

pointsof thereferencesurface:

u(x,y), v(x,y), w(x,y), Ýq1(x,y),q2(x,y) ; g4(x,y),g5(x,y)

translationsof otherpoints:
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The most important shell theories

ReissnerïMindlin ïshells: Ălinearsheardeformationtheoryò

­ displacements:

pointsof thereferencesurface:
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The most important shell theories

ReissnerïMindlin ïshells: Ălinearsheardeformationtheoryò

planarsectionsperpendicularto thereferencesurfacewill, afterdeformation

­ remainplanar(linearwharpingfunction),but

­ notperpendicularto the(deformed)ref. surface

crosswisesheareffectstakeninto account!

­ stresses: alongh:sx,sy andtxy vary linearly

sz is zero

txz andtyz : linearfor curvedsurface(constantfor planarshell)
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The most important shell theories

Third-ordersheardeformationtheory:

­ stresses:

txz andtyz : ableto bezeroon thefreesurfacesJ

­ displacements:

like before,only g(z) is modified

Ý planarsectionsdonot remainplanar

Remark: Thick shells:

mostoften: continuummodels,

e.g. FEM: 3D elements(onelayeror multi-layered)

masonryvaults: DiscreteElementMethod
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Repetition from Maths: Principal curvatures

Principalcurvaturesatapointof asurface:

­ drawastraightaxis;

­ lay aplanealongthisaxis Ý intersectionalongacurve;

­ rotatetheplaneandproducethesecurves:

­ takethattwo curveshavinglargest/ smallestcurvature:

radii of curvatureat thepoint:

Rmin andRmaxarereceived

for anypointonasphere:

Rmin = Rmax= R

https://slideplayer.com/slide/8958879/

https://www.youtube.com/watch?v=HUzOPbZk8Pg
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Repetition from Maths: Principal curvatures

Productof thetwo principalcurvatures: ĂGaussiancurvatureò

­ if it is (+) : Ăellipticalpointò

­ if it is (-) : Ăhyperbolicpointò

­ if it is 0 : Ăparabolicpointò

Its importancein themechanicalbehaviour:

Ăé shells of nonpositiveGaussiancurvature are generally speaking

weakstructures,sensitiveto disturbancesat theboundary,which tendto

penetratedeep into the structure. Also, they have no possibility of

supportingconcentratedforcesin the membranestate,in contrastwith

shells of positive Gaussiancurvature, where the membranestate will

provide an approximatelycorrect result at sufficientdistancefrom the

pointwherea concentratedforceis applied.ò (Niordson,1985)

Ăalocalproblempropagatesto globalcollapseò

https://www.youtube.com/watch?v=vAavRx7uoeA Ph. Block, from 13:21 22 / 38
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Membrane solution for sphericaldomes

Pantheon

St Peterôs Basilica

Hagia Sophia
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Membrane solution for sphericaldomes

Notations:

m: meridionaldirection

h: hoopdirection

z: normaldirection

­ load: selfweight,only in verticaldirection

­ stresses:

alongt:sm,sh areconstant

sz ,tmh ,tmzandthz arezero

m

h

z

m
h

z

m mN ts= Ö

h hN ts= Ö

:  weight for unit areaq
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Membrane solution for sphericaldomes

Notations:

m: meridionaldirection

h: hoopdirection

z: normaldirection

m
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Membrane solution for sphericaldomes

Notations:

m: meridionaldirection

h: hoopdirection

z: normaldirection

m
h

z m mN ts= Ö

h hN ts= Ö
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Membrane solution for sphericaldomes

Notations:

m: meridionaldirection

h: hoopdirection

z: normaldirection

Importance of boundaries:

m mN ts= Ö

h hN ts= Ö
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Membrane solution for fan vaults

Kingôs College Chapel, quora.com/Are-there-any-

buildings-with-fanned-vaulting-outside-of-the-US-

UK-and-CanadaBath Abbey, quillcards.com/blog/bath-abbey/

Gloucester Cathedral 

cloister walk, 

slideshare.net/michae

lasanda/gloucester-

cathedral2
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Membrane solution for fan vaults

Whatis a fanvault?

Middle surface:

­ generatorcurve(concavefrom below),

­ rotatedaboutanexternalverticalaxis

Thegeneratorcurve:

uniformcurvature two differentcurvatures(ĂTudorarchò)

R lowerR

upperR



Membrane solution for fan vaults

Notations:

m: meridionaldirection

h: hoopdirection

z: normaldirection

­ load: selfweight, verticaldirection

spandrelload, meridionaldirection

­ stresses:

alongt:sm,sh areconstant

sz ,tmh ,tmzandthz arezero m mN ts= Ö

h hN ts= Ö

R

0j

:  weight for unit areaq

h

z

m
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Membrane solution for fan vaults

Notations:

m: meridionaldirection

h: hoopdirection

z: normaldirection
m

z

m mN ts= Ö

h hN ts= Ö

:izFä

From meridional forces:

From hoop forces:

0j

Front view:

From selfweight:

Top view:
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Membrane solution for fan vaults

Notations:

m: meridionaldirection

h: hoopdirection

z: normaldirection

Determinethemeridionalforce:

m
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Membrane solution for fan vaults

Remarks:

1) if j0 = 0 :

sinj0 = 0Ý Nh (j0)­¤

Ý theconoidmustbetruncated!

2) if j0 0̧ :

if N0 = 0 : Nm (j0) = 0Ý Nh > 0

Ý spandrelload is neededto avoidhooptension!
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http://www.discoveringtong.

org/tong600/ChapelRoof.htm 



SUGGESTED VIDEOS

https://www.youtube.com/watch?v=DI-leSI68dM (Jacques Heyman: The

membraneanalysisof thin masonryshells, 50:46)

https://www.youtube.com/watch?v=r-tG68WvNDM&t= 185s

(JohnOchsendorf,MIT, ĂFormandForcesò,1:17:17)
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Questions

1. Introducethekinematicsof   

­membranes, 

­ Kirchhoff-Love shells,

­Mindlin-Reissner-Henckyshells,

­ third-ordersheardeformationshells. 

2. Show thedistributionof thesix stresscomponentsalongthethicknessfor

­membranes, 

­ Kirchhoff-Love shells,

­Mindlin-Reissner-Henckyshells,

­ third-ordersheardeformationshells. 

3. Introducethemembranesolutionfor sphericaldomesunderselfweight.

4. Introducethemembranesolutionfor constant-curvaturefan vaultsunder

selfweight.
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