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Definition of shells

- givenreferencesurface

Ofthe structure are within a small distance from it, compared
sizes of the structure

Note topandbottomelementarywolume
[,x=0;1,,=0 (freesurface)
Y attheintradosandextrados
[,,=0;17,=0
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Definition of shells

- givenreferencesurface

- the points of the structure are within a small distance from it, compared
the overall sizes of the structure

Z
Shellelement \

Themostcommonmodels
dependingnthethickness 0 X
- membrane , L |
- Kirchhoffi Love shell( A c | abshelitheaay)
- Mindlin i Reissnershell
( Al ismeadeformationt heor y o)
- third-ordersheardeformationrmodel

==

LOuIsealoul

- thick shells 3D continuumor DEM
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The mostimportant shelltheories
Membranes
- stresses
alongh: s,, s, andt,, areconstant |
S, ty,andt,,arezero z\
h / ﬁy
X
Xdyx “ W
displacements ﬂym
translation®of the pointsof thereferencesurface 73 6
u(xy), v(x,y), w(x.y) N,

translation®of the otherpoints
Uy(X,,2)=U(X,Y), Ux(XY,2)=V(X,Y), Us(X,Y,2)=W(X,y) 6/38




The mostimportant shelltheories

Membranes

y
W
ﬂ) N,
translation®of the pointsof thereferencesurface 73 6
u(xy), v(X,y), w(x,y) N,

translation®of the otherpoints
Uy(X,,2)=U(X,Y), Ux(XY,2)=V(X,Y), Us(X,Y,2)=W(X,y) 7/38




The mostimportant shelltheories

Membranes
SpecialcaseAS OARP L MS 0
If thematerialcannotcarryshear
- stresses
alongh: s,, s, t,,: consta n
s,ands,areequalt, =0
Syt ty,ZEM0

X
N
o4
X dy X& ’
- displacements
translation®of the pointsof thereferencesurface

u(x.y), v(x,y), w(x.y)

translation®of the otherpoints:
Uy(X,,2)=U(X,Y), Ux(XY,2)=V(X,Y), Us(X,Y,2)=W(X,y)

4
N

— \]
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The mostimportant shelltheories
Kirchhoffi Lovei shells Ac | as &ie Akl ndi ngo

Kirchhoff-hypothesis
the planarcrosssectionsbeingperpendiculato therefegencesurface
will, afterdeformationremain \
- planar,and
- perpendiculato the (deformedyeferencesurface

Basicassumptionsf Love: X
(1) theshellis thin
(2) translationsandrotationsaresmall

(3) straightmateriallinesbeingorthogonato thereferencesurface
will remainorthogonaklsoafterdeformation
(4) crosswiseshearstressesarenegligible

10/ 38




The mostimportant shelltheories

Kirchhoffi Lovei shells Acl as fietAskhlendi ngo
- stresses )

alongh:s,, syandtxyvarylinearlb A

S, tyaret,,zero

LT

s 3

- displacements X dy Xy% X
pointsof thereferencesurface W
U(X,y), V(Xiy)’ W(Xiy)’ Y ql(xiy)’ qZ(Xiy) ﬂ
translationf otherpoints u(x y, 2= U X y +zg¢ ¢

U,(X, Y, D= XY - zgf
Us(X ¥, 2= W X Y
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The mostimportant shelltheories
Kirchhoffi Lovei shells Ac | as &ie Akl ndi ngo

displacements X
pointsof thereferencesurface W

U(X,y), V(Xiy)’ W(Xiy)’ Y ql(xiy)’ qZ(Xiy) ﬂ
translationf otherpoints u(x y, 2= U X y +zg¢ ¢

U(X ¥, D= X Y - zgf
Us(X ¥, 2= W xYy
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The mostimportant shelltheories
Kirchhoffi Lovei shells Ac | as &ie Akl ndi ngo

Remark
for planarreferencesurface qlzu—N; g = wof
for curvedreferencesurface g /’J
¢, and g, canuniquelybe determined , Vooy
from thecurvaturesandfrom Y. W G
by K Q,_
- displacements X
pointsof thereferencesurface W
UOGY), V), WOKY), Y GxY), G0) ﬂ
translation®f otherpoints w(x y,2= U x y +zg% G,

U (X Y, 9=\ XY - 2
Us(X ¥, 2= W X Y 13/38
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The mostimportant shelltheories

Reissnei Mindlini shells Al i sheasdeformationt heor y 0

planarsectiongerpendiculato thereferencesurfacewill, afterdeformation,
- remainplanar(linearwharpingfunction),but 5
- notperpendiculato the (deformedyef. surface \

crosswisesheareffectsare takeninto account! y
- displacements X remmwlber:
pointsof thereferencesurface ql_w +.; g =

u(xy), v(xy), wixy), Y gi(xy), g(xy);  G(xy), &%)
translationof otherpoints g(2) := 2
W

WXy, 2=Uxy +z90 @) ¢
U(X Y, d=\%Y -20 @) g G+ 6

Us(% ¥, D= WX Y A b 15738




The mostimportant shelltheories

Reissnei Mindlini shells Al i sheasdeformationt heor y 0

- displacements X
pointsof thereferencesurface

u(xy), v(xy), wixy), Y gi(xy), g(xy);  G(xy), &%)
translationof otherpoints g(2) := 2
W

WXy, 2=Uxy +z90 @) ¢
U(X Y, d=\%Y -20 @) g G+ 6

Us(X Y, 2= W X Y “h 4
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The mostimportant shelltheories

Reissnei Mindlini shells Al i sheasdeformationt heor y 0

planarsectiongerpendiculato thereferencesurfacewill, afterdeformation
- remainplanar(linearwharpingfunction),but 5
- notperpendiculato the (deformedyef. surface

crosswisesheareffectstakeninto account!

stresses alongh: s,, s, andt,, varylinearly
S, iszero X
t,,andt,,: linearfor curvedsurface(constantor planarshell)
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The mostimportant shelltheories

3

Third-ordersheamdeformationtheory. 9(2:=z %

- stresses

t,,andt,,: ableto bezeroonthefreesurfaces)

. ——
A
e

- displacements

.-

like before,only g(z) is modified

. ——

—
te—

WX y,2=Uxy +zg0 @F ¢
(X Y, 2=UXY -290 @G g
Us(X Y, 2= W X Y

Remark Thick shells

mostoften continuummodels,
e.g. FEM: 3D elementgonelayeror multi-layered)

masonryaults DiscreteElementMethod
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Repetition from Maths: Principal curvatures

Principalcurvaturesat a pointof asurface
- drawastraightaxis
/ - lay aplanealongthisaxis Y intersectioralongacurve
- rotatetheplaneandproducethesecurves

A e A

https://www.youtube.com/watch?v=HUzOPbZk8Pg
- takethattwo curveshavinglargest/ smallestcurvature

radii of curvatureatthepoint ‘

R.,,andR . arereceived
https://slideplayer.com/slide/8958879/ 21/38

for anypointonasphere
Rmin = Rmax: R




Repetition from Maths: Principal curvatures

Productof thetwo principalcurvatures AGaussiarcurvature
- dfitis(v):Ael | ipomt |n'“"“ '_\;,_\5;

- ifitis(-):Ahy pepbb
- ifitis0O:Apar ahoa In.t’**‘%“;

Its importancan the mechanicabehaviour

Aé shells of nonpositiveGaussiancurvaure are generally speaking
weakstructures sensitiveto disturbancesat the boundary,whichtendto
penetrate deep into the structure Also, they have no possibility of
supportingconcentratedorcesin the membranestate,in contrastwith
shells of positive Gaussiancurvature, where the membranestate will
provide an approximatelycorrect result at sufficientdistancefrom the
pointwherea concentratedorceis appliedo (Niordson,1985

A #ocalproblempropagatesoglobalc o1 | ap s e 0
https//www.youtubecom/watch?v=vAavRruoeA Ph Block, from13:21 ,,,3s
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Membrane solution for sphericaldomes

Hagia Sophia

a 24/ 38




Membrane solution for sphericaldomes

Notations

m:; meridionaldirection

h: hoopdirection

Z. normaldirection —+ 4
t

m/\ .

X W ny% g: weight for unit are

z

|

- load selfweight,only in verticaldirection
- stresses

alongt: s, S, areconstant
S,,t ., ty,andt, arezero

25/ 38




Membrane solution for sphericaldomes
p,= 4 cay

aFi,: [innormal dir.]

Z?Gé\'hsmd—; %ﬁnd" +
¢ T

~

Notations

m: meridionaldirection
h: hoopdirection

Z. normaldirection

z

/\ d/ a. F i,vertical for the cap.

(Npsin/ )&p(R, <h))
+q @pFﬁ(l cog ) {

/ N - AR eoy ) _q RL coy
m . 2. .
sin’/ 1- cog |

N = R, C%%OS"

(1+coy ) 26/38




Membrane solution for sphericaldomes
Notations (5 Ny _ 91 |
m .
m: meridionaldirection — t t ltcoy
h: hoopdirection n=Sh b, N _
o Q
z normaldirection N EI 3 1
o ¢t T = — Rg60Y .
- Sm€ L t ¢ (1+coy )
S\
Sh > +
oopstress
— Sm C T
meridianstres
27/38




Membrane solution for sphericaldomes
. r )
Notations s =Nm _0dp 1
m .
m: meridionaldirection t t ltcoy
h: hoopdirection s N _
z. normaldirection EI 2 1
= — R 605 :
L t ¢ (1+ coy )J
Importance of boundaries )
I\Im Sh > +
“elomant oopstress
S -

meridianstres

o
28/ 38
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Membrane solution for fan vaults

Gloucester Cathedra
cloister walk,
slideshare.net/micha
Iasanda/gloucester
cathedral2

&

n“""n ‘ - b DAL SRS T !

N ’Mﬁ!t L) KI ngdés Col | ege C-thargaey

_ ' buildingswith-fannedvaulting-outsideof-the US
Bath Abbey, quillcards.com/blog/badiibbey/ UK-and-Canada 30/ 38
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Membrane solution for fan vaults

Whatis afanvault? .

Middle surface

- generatocurve(concavdrom below),
- rotatedaboutanexternalverticalaxis

Thegeneratocurve

L

uniformcurvature two differentcurvatutes( A T uadr ocrh

0 )




Notations
m:; meridionaldirection

_-
(/
~

S~

h: hoopdirection
Z. normaldirection

- load selfweight verticaldirection
spandreload, meridionaldirection

- stresses

alongt: s, s, areconstant

S,,t ., ty,andt, arezero

32/38




Membrane solution for fan vaults; ~ n,, N,

Notatons L VY7
m: meridionaldirection <

h: hoopdirecton
Z. normaldirection

aFf;: [—sm/ =—0 ¥ COS/] S A

r{y ) |
From meridional force Front view dj |
(N, €)d § d¢ §< T
From hoop force _ N Qg r0)
o AN Gy R
+(N, (R ) Cd (B8iny dqé
Top view B C— .
P ; (N,(RG) L Nn=5 €

From selfweighi - _ ZX
N . ront view
-(aRJ 10)) d Jos)

m=Sm¢& 33/38




Notations

m: meridionaldirection
h: hoopdirection

Z. normaldirection

-

_____

. N . N .

F : —hginj =—M cOs
a Fi; V) / R 19 /
Determinethemeridionalforces

a. I vertlcal

Membrane solution for fan vaults;

|
|
q .
Weight of the cap ave; : A,/ )y /’/
{ Membrane load at top, afy N, Gin/ o pOr(%) /¥ N ()
s m

Meridional force at/ : - N..(j) €n / p @( )
N (/) Gin / pOr(Q Ny sin (©pr (o} AQp( ) g

. 1 Aeap(/ )
= _capy 7

e

r(/)a m{/ )

siny g R

1q cQs/

s .
la W, o)
I I




Membrane solution for fan vaults\

-

~—~_

Remarks

1) if j,=0:
Sinjo=0Y N,(jo) - ®
Y |theconoidmustbetruncated!

2)if j,, 0:
if Ng=0: N, (/o))=0Y N,>0
Y |spandrelloadis neededo avoidhooptension!

Tong Church Chapel,
http://www.discoveringtong.
org/tong600/ChapelRoof.ht

o

1 A:a(/) r¢/)aNm( )
NmV)—Sinjc.bmgaT o€ o 1)) N g~ OB




SUGGESTED VIDEOS

https//www.youtubecom/watch?v=DleSI68dM (Jacques Heyman The
membranenalysisof thin masonryshells 50:46)

https//www.youtubecom/watch?v=tG68WVvNDM&t= 185
(JohnOchsendorfMIT, A F 0 andF o r cl1el&1Y),
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Questions

1. Introducethe kinematicsof
- membranes
- Kirchhoff-Love shells
- Mindlin-ReissnetHenckyshells
- third-ordersheardeformationshells

2. Showthedistributionof the six strescomponentalongthethicknesdor
- membranes
- Kirchhoff-Love shells
- Mindlin-ReissnetHenckyshells
- third-ordersheardeformationshells

3. Introducethe membranesolutionfor sphericadomesunderselfweight

4. Introducethe membranesolutionfor constarfcurvaturefan vaultsunder
selfweight 2838




