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Repetition: Plasticlimit theorems

Thestructureandtheloads
perfectlyigidi perfectlplastienaterial
singlgparametdoad
staticallgdmissibl®rcesystem (with/g)
- satisfiesheequilibriurmonditiongnd
- doesnotviolateheconstitutiveonstraints
[i.e. thestresseslonotexceedheplastidimij

Thestatic/ Al o we u Al Da/ftheavem

If a staticallpdmissibl®rcesystentanbefound,
thenthestructuraviththegivergeometris safeundethegiveroads

Remarks
- Ifsuchaforcesystenisfoundthisis notnecessarilf t foreedystenthatacts
- thecollapséoadmultiplieis largeorequathanthe/ g loadmultipliethatwas
foundobestaticallpdmissible
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Repetition: Plasticlimit theorems

Thestructureandtheloads
perfectlyigidi perfectlplastienaterial
singlgparametdoad

Kinematicaladmissibleirtuatlisplacemenystem  SMALL
- displsanddeformatioraecompatiblend
- donotviolateheconstraintgiverbythesupports

Thekinematic/ Au p b e u nAlWnN s /dhkeaem

If a kinematicaladmissibieirtuatlisplacemenystentanbefoundorwhichhe
externdiorceq with/ ) makdargeiorequalvorkhandonebytheinternalorces,|
thenthestructuraviththegivergeometrwillcollapseindetheconsiderelkbad

Remarks
- ifsuchadispbkystenisfoundthisis notnecessaril t tokapsenode
- thecollapséoadmultiplieis smalleorequathanthe/  loadmultipliethat
wasconsideredbove 3/52




Repetition: Plasticlimit theorems

N A
Drucker(1954): /
Aassoftovat lee $=tan"ly
3 — F‘PN
maxof /¢ = minof /= collapseload
_ N
A n associateflow r u | _
e.g. Coulombzfriction ‘ R F=uN
with no dilation: | -~ —A
TR

duality gapoccurs

stoneblock surfacesfriction angle® 35- 50 ;

; historydependence

dilationangle® 0-10 45
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H e y malimié statetheory for masonry

Theqguestiorto answer DY
- thestructuras a systemof rigid blocks S
andfrictional contacts

TaskTypel: - givengeometrygivenloads(e.g. selfweighj;
- Canthestructureequilibratethe givenloads
with thegivengeometry
TaskType2: - givengeometry

- loadmagnitudeo causecollapsé
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He y malimid statetheory for masonry

Inspiration Kooharian(1952:.
- theideato applylimit stateanalysisfor masonry
- analysisof acirculararch

Hevman(1966andlateron, CambridgdJniversity).

"The first thing we were realizing about engineering
IS that it is impossible to obtain an exact solution to
any problem in engineering. (Heyman, 2011)

assumptionaboutthe material hitps://Aww.youtube.com

stoneblockshaveinfinite strength watch?v=DHeSI68dM
contactdhavezeroresistancedo tension

contactdo notslide theyhaveinfinite resistancéo friction
[implicitly alsoassumed stoneblockshaveinfinite stiffnes$
seetheseassumptiong detait
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He y malimid statetheory for masonry

Assumptionsaaboutthe material
- Astoneblockshaveinfinite strengtld
justificationmaxheighbftoweto carryitsownweight
granite® aboves-8 km weakstones® hundredsfnt km

but infinitestrengtiis notpossible 6759

- Acontactshavezeroresistanceo tensiom
justification drycontactsroldweakmortar
but crosswistensileesistance = !

.. L I/
duetofriction %\ﬁﬁﬁu

- Acontactgdo notslide theyhaveinfinite resistanceo frictiono
justification frictiorangleofterhigh(3550); Fm{ L
blocksnaybeinterlocked mh
but slidincANDiangentiakl transBOTHshouldeexcluded

- [implicitly alsoassumed stoneblockshaveinfinite stiffnes$ .




He y malimid statetheory for masonry

Inspiration Kooharian(1952:

- theideato applylimit stateanalysisfor masonry
- analysisof acirculararch

Heyman(1969):

assumptionaboutthe material

- stoneblockshaveinfinite strength

- contactdhavezeroresistanceo tension

- contactgdo notslide theyhaveinfinite resistancéo friction

- [implicitly alsoassumed stoneblockshaveinfinite stiffness

1. Thestatictheorem [formulatedwithout proof]:

If a force systemcan be found for the given set of external loads which
satisfies the material criteria and equilibrates the given external
loads, then the structure with the given geometryis safeunder these
loads.
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He y malimid statetheory for masonry

Example Isit safe?

Try to find equilibratingreactions!
| realizeafterafew unsuccessfuries |]

N 2
& - momentaboutlowerright corner

5 cannotbebalanced

b
™~ COLLAPSES!
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He y malimid statetheory for masonry

Inspiration Kooharian(1952:

- theideato applylimit stateanalysisfor masonry
- analysisof acirculararch

Heyman(1969):

assumptionaboutthe material

- stoneblockshaveinfinite strength

- contactdhavezeroresistanceo tension

- contactgdo notslide theyhaveinfinite resistancéo friction

- [implicitly alsoassumed stoneblockshaveinfinite stiffness

2. Thekinematictheorem [formulatedwithoutproof]: !internal work is zero !

If a mechanism(a virtual displacementsystem)can be found for the given
set of external loads which satisfies the material criteria and
produces non-negative work with the given external loads, then the
structure will collapseunder theseloads
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He y malimid statetheory for masonry

Meaningof thekinematictheorem

12/52




He y malimid statetheory for masonry

Example Isit safe? o/ 2a
Try possibledispls! ca /
A S o « degree®f freedom
Ny
oa
[
N 2a
3?‘%\
oa

—+ upwards!

[N
% dW < 0: notdecidedyet
30
13/52




He y malimid statetheory for masonry
Example Isit safe? s/ oa
Try possibledispls! ca /
) o " upwards!
- o dw < 0: still notdecided
30
h o/ oa

3?%\ /
5a
—+ downwards!
&
dwW > 0: surelycollapses
30~
14/ 52
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Examplesvhenthe SafeTheorent-alls

PyramidUpwardsDown Rimond Backpack

Af there existsany systemof forcessatisfyingghe material
conditionsand beingin equilibriunwith the loads, then the
structuressafe o ol

Thecomingslides

- theoreticalhnalysis why doesthe SafeTheorentail ?
- improvedformulationof the SafeTheorenY conclusionrestrictedvalidity!
- | simulatedexperimentso illustratethe danger|
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THIS LECTURE

Repetition Plasticlimit theorems

H e y mdimitbstatetheoryfor masonry
- assumptionaboutthe material
- TheStaticTheorem( ASBH &€or e mo)
- TheKinematicTheorem{ AUnElaé @r e mo)

Examplesvhenthe SafeTheorenfails

i[?
Why doesthe SafeTheorenfail” slide 212 2 s |

Examplewhenthe UnsafeTheorentfails

Practicalengineeringcodes
- Archie-M
- LimitStateRing

Questions

« skipping the lengthy derivations:

| de 30
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Whydoesthe SafeTheorenfail?

Thegeometryandthe material

- blocks b
anypolyhedralshapes
rigid with infinite strength

- contacts c
planar(may be multiple)
resistcompressio& Coulombfriction
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Whydoesthe SafeTheorenfail?

Forcesystems

- Externalforcesandmomentdgivenloads}
|(Gb, M b)|for everyblockb
- Contactforces
(Qpe T for everycontactc of blockb
distributednormalforcesalongthe contact
Y resultanAcontactpoint)
Y compressiondbrce, Qpeny Dy O
distributedtangentiaforcesalongthe contact
Y anywherefriction limit cannotbe exceeded
Y frictional force+ torsionalmoment
Important

locationof the contactpoint
characteristiof theactualcontactforcesystem!
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Whydoesthe SafeTheorenfail?

Displacemensytems
(1) Virtual displacemensystem
virtual translationandrotationof blockb:

du,; d,
translationof the contactpointc on blockb:
dubc db + q jl’ bc
contactdeformationrelativetranslationandrotationat contactc:

dd. = dy,. -ud, ud +pdrp? uz d ,+ g
dd. = dyj - ]

7 afedadad
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Whydoesthe SafeTheorenfail?

Displacemensytems
(1) Virtual displacemensystem
virtual translationandrotationof blockb:

du,; d,
translationof the contactpointc on blockb:
dubc db + q jl’ bc
contactdeformationrelativetranslationandrotationat contactc:

dd. = dy,. -ud, ud +pdrp? uz d ,+ g
dd. = dyj - ]

(2) Mechanicallyadmissiblevirtual displacemensystem (no interpietratioh




Whydoesthe SafeTheorenfail?

Displacemensytems
(2) Mechanicallyadmissiblevirtual displacemensystems C@

- Heymanian

// ()
notangentiarelativetranslationoccurs CD:‘ @
atanypointof anycontact 4@

- Non-Heymanian P () j

(3) Mechanicallyadmissiblesmallbutfinite displacemensystems
Heymanian non-Heymanian
accordingo theirfirst-orderapproximation 22/52




Whydoesthe SafeTheorentalil? < Tie

Equilibrium of aforcesystem [loads& contactforces]
Gb + a ch ad

for everyblock b: < (bc)

- (bc)

Mb+a(rbc Q e T+bc) 0

for anyarbitrarysystemof virtual displacementthefollowing holds

a (Gb @u, M, CQ)
(b)

aQ. ddd . dygdo

(¢

Note: for all mechanicallyadmissibleHeymaniarvirtual displacemerst

a(Q.@d.) o; A(T.@d,) e

(c) (c)

W= 0 If

Y |&(G,@u, M,
(b)

all contacts remain closed
‘ < W, <0 if

any contact opens up?3/%2




Whydoesthe SafeTheorentalil? < Tie

Conclusions

(i) If an equilibrium force systemcan be found for wiNch_forany nonzero
Heymanianvirtual displacemensystemat leastone contactpoint opensup,
thenthe existenceof the equilibratedforce systemensuesthatthe external
work is negative on any arbitrarily chosen mechanically admissible
Heymaniarsystem

(1) If thereexistsany mechanicallyadmissibleHeymaniarnvirtual displacement
systemfor which the structure moves with none of the contact points
openingup, thentheexternal work alongthisdisplacemensystems zero.

Note: for all mechanicallyadmissibleHeymaniarvirtual displacemerst

a(Q.@d,) »; &(T.@d,) e |
(c)( o @) (c)( W, =0 If

e I . all contacts remain closed
Y |a(G,@uy M, ‘ < W,,<0 if

(b) ext
any contact opens up?*/2




Whydoesthe SafeTheorenfail?

Displacemensystems
(3) Mechanicallyadmissiblesmallbut finite displacemengystems
Heymanian/ nonrHeymanian
accordingo theirfirst-orderapproximation
small: - nonewcontacts

- first-orderapproximatiorgivesthe samesignfor work
If Heymanian

Case(i): ‘a@ Caselii):
e
) - 5 — @

(i) &8 (G,@u, M,
(b)

a(G,om M, joD?2??>(

(b) 25/ 52




Whydoesthe SafeTheorenfail?

Stability of theequilibriunm

Definition: The actual stateof a masonrysystemis stable if thereexistsa
continuous, finite-sized domain of mechanically admissible finite
displacemensystemgqDu, D j) containing(Du = O, D j = 0) asaninterior
point, for which the total work doneby the actualexternalandinternal
forcesalongany (Du, D j) of thesetis negative

Definition: The actualstateof a masonrysystemis critical if thereexistsany
mechanicallyadmissiblevirtual displacemensystemgdu, d j) for which
the total virtual work doneby the actualexternaland internal forces
along(du, d ) of thesetis zero.

[similarly to unstable neutralequilibrium|

Stability analysis

Assumethatanequilibratedcontactforce systemwasfoundto thegivenloadd
Y conclusion8??
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Whydoesthe SafeTheorenfail?

Stability analysis
Assumethatanequilibratedcontactforce systemwasfoundto thegivenloadd
Y conclusion8??

Can we find a mechanically admissible Heymanian virtual displacement
systemn suchaway thatnoneof the contactpointsopers up?

If we can Case(ii) foundfor atleastone
Infinitesimally smallperturbation
(i) &(G,@u, M, dj 0
® ¥y CRITICAL STATE!
If we cannot

Case(i) found for every perturbationof the positionin a small finite
neighborhooaf theanalysegosition

() 4(G6, 0| M, jOD0 Y STABLE STATE against
(b) Heymanian displacementg¢z7/sz




Corrected-ormulatiorof the SafeTheorem

Assumptions

(a) themasonnyblocksarepolyhedral

(b) themasonryblocksareinfinitely rigid andinfinitely strong
(c) thecontactdransmitnotension

The SafeTheorem

If there exists any systemof forces satisfying (a-c) being in
equilibriumwith theloads,and

If there doesnot exist any mechanicallyadmissibleHeymanian
virtual displacemensystemfor which all contactpoints of
this force systenremainclosed,

thenthe structureis safeagainstcollapsealong any Heymanian
displacements
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Examplesvhenthe SafeTheorent-alls

Explanation

PyramidUpwardsDown Rimond Backpack

PyramidUpwardsDown: SafeTheorems notvalid for this!
- aHeymaniarvirtual displacemensystemexistssothatno contactopensup
- theequilibriumstateis critical;, higherorderanalysisreveals unstable

Rimond Backpack SafeTheorems onlyfor Heymaniardisps!
- contactalwaysopensupY A externalwork for anyHeymaniarsystems

- SafeTheoremno protectionagainsicollapsealong norrHeymaniamlisp:czgl52




Examples

APiTooaver 0
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Conclusion

the SafeTheoremdoesnot give protection
againstcollapsesalong
nonHeymaniardisplacements
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Examplavhenthe Unsafel' heorent-ails

Brick onanlinclinedPlane
dW > 0: collapsesaccordingo the UnsafeTheorem

BUT: for [friction angle]> [angleof theslope]
in fact THE STRUCTUREIS SAFE!

noticeagain presencef tangentiakelativetranslation
Y theUnsafeTheorentfails
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Conclusion

theUnsafeTheorems
unnecessarilyoo conservativef
nonHeymaniandisplacementarepresent
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He y malimid statetheory for masonry

Forhome

Try to applyboththeorems
|s the structuresafe?

_I‘m

jti]

Forhome % } 1
2

2G
g o ¥
im 1m
Try to applyboththeoremsarethesestructuresafe?

Answer.

Nl

- safe - collapses

Underwhatgeometricatonditionscanthe structurebe safe?
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Shearfailure of historic structures

Beatinietal (underreviewy)

Cathedrabf Pietrasantdtaly:
< F

http://wikimapia.org/13139959/
it/ Duomo-di-SarrMartino

Amu | tairrcihnog

ringsslideon eachother,
protectionagainst
shearfailure
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Practical engineeringcodes

e.g. Archie-M: http://www.obviscom
Bill Harvey,developedincel981
basednthe StaticTheorem frictional sliding excluded
anequilibrumforcesystems searchedor
the - thrustzone,accordingo thefinite strength

Fla U8 Vew Sratae Load Teck Wodow Heb

@ pctrn Prevwen € Mchiniilh

o singlespanor multispan

Fackar bor watacey

v
> 1)

WPy,

VL it ]
WF ~L
U Spen 1 U foat amturen Acchot safuty tackas
Facks vekims
25 : LA

Fryscaltige sath jomd 2500 Badge e ol © (oo i [ Focmimbadetes 5 i

Ramayy
(Rectve arw racth | =0 Mesuand
= e, T R g
Ui onpogoscn ol pesrve presase 03-0%. [0 3

s

R S, e R, i, e
4 Spen1 Spen2 Span3 Y Spand Yif Spans Span 6 Span7 Y Spansg
I 5
‘ s |
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Practical engineeringcodes

e.qg. ArchieM:  http://www.obviscom
Bill Harvey,developedincel981
basednthe StaticTheorem frictional sliding excluded
anequilibrumforcesystems searchedor
trM - thrustzone,accordingo thefinite strength
skewbridges formally, asif theywerestraight




S o206 > 13 i3] W W R

Practical engineeringcodes

£
1L
‘\‘I

e.g. LimitStateRing: 2]
Gilbert& Melbourne(1994; Gilbert (2007 "s=t

basedntheparalleluseof the e
kinematicAND the statictheorem e

Thebasicline of thoughtfor live loadin additionto selfweight
- theanalysiswould bethis, in caseof manualcalculations
(1) choo® alikely mechanisnof collapse
(i) compilethework, to calculatethe collapsdoad
(i) try otherlikely collapsemechanismsintil thecritical oneis found

- instead
a computerizedsolution techniqueto systematicallyfind the collapse
modewith smallestoad for which theequilibriumeqgsarealsosatisfied
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“r SB0GE > 1B = L 1

Practical engineeringcodes

e.q. LimitStateRing:
Gilbert& Melbourne(1994); Gilbert (2007) | ==

associatedontactfriction model R
dilation equaldo friction angle — e )
experiencefor multiring arches

A R | I Gsuallyonthesafeside

- block crushingtakeninto account Ahrustzone insteadof Ahrustl i n e 0
- multispanbridges multiring archeswith frictional contactdbetweenayers
- distributingeffectof backfill takeninto account

- experimentalndindustrialvalidations
A R | I Gsuallyonthesafeside

http://www.limitstatecom/ring/experimentaralidation
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QUESTIONS

1. In caseof generalplasticity, whatdoesthe statictheoremstate,
andwhatdoesthe kinematictheoremstate2Underwhat condition
will thelargest/ s surelycoincidewith thesmallest/  ?

2. What are the basic assumptionan Heyman'stheory for the
materialbehaviou® Justify/ criticize them.

3. What does He y ma stadics theorem state? What does
H e y makmeénsatic theorem state? lllustrate their use on an
example Showexampleavhenthesetheoremdail.

4. Introducethe fundamentof the LimitStateRing and Archie-M
codes
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