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Repetition: Plastic limit theorems

Thestructureandtheloads:

perfectlyrigidïperfectlyplasticmaterial;

single-parameterload

staticallyadmissibleforcesystem: ( withlS )

­ satisfiestheequilibriumconditions,and

­ doesnotviolatetheconstitutiveconstraints

[i.e. thestressesdonotexceedtheplasticlimit]

Thestatic/ Ălowerboundò/ Ăsafeò/ theorem:

If astaticallyadmissibleforcesystemcanbefound,

thenthestructurewiththegivengeometryissafeunderthegivenloads.

Remarks:

­ If sucha forcesystemisfound,thisisnotnecessarilyĂtheòforcesystemthatacts

­ thecollapseloadmultiplieris largerorequalthanthelS loadmultiplierthatwas

foundtobestaticallyadmissible
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Repetition: Plastic limit theorems

Thestructureandtheloads:

perfectlyrigidïperfectlyplasticmaterial;

single-parameterload

kinematicallyadmissiblevirtualdisplacementsystem: SMALL

­ displsanddeformationsarecompatible,and

­ donotviolatetheconstraintsgivenbythesupports

Thekinematic/ Ăupperboundò/Ăunsafeò/ theorem:

If akinematicallyadmissiblevirtualdisplacementsystemcanbefoundforwhichthe

externalforces( withlK ) makelargerorequalworkthandonebytheinternalforces,

thenthestructurewiththegivengeometrywillcollapseundertheconsideredload.

Remarks:

­ if suchadisplsystemisfound,thisisnotnecessarilyĂtheòcollapsemode

­ thecollapseloadmultiplierissmallerorequalthanthelK loadmultiplierthat

wasconsideredabove 3 / 52



Repetition: Plastic limit theorems

Drucker(1954):

Ăassociatedflow ruleò:

maxoflS = min oflK = collapseload

Ănon-associatedflow ruleò:

e.g. Coulomb-friction

with nodilation:

dualitygapoccurs ; historydependence

stoneblocksurfaces: friction angleº35- 50̄ ; dilationangleº0 - 10̄ 4 / 52
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Heymanôslimit statetheory for masonry

Thequestionto answer:

­ thestructureis asystemof rigid blocks

andfrictional contacts;

TaskType1: ­ givengeometry, givenloads(e.g. selfweight);

­ Canthestructureequilibratethegivenloads

with thegivengeometry?

TaskType2: ­ givengeometry;

­ loadmagnitudeto causecollapse?
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Heymanôslimit statetheory for masonry

Inspiration: Kooharian(1952):

­ theideato applylimit stateanalysisfor masonry

­ analysisof acirculararch

Heyman(1966andlateron,CambridgeUniversity):

assumptionsaboutthematerial:

­ stoneblockshaveinfinite strength

­ contactshavezeroresistanceto tension

­ contactsdonotslide: theyhaveinfinite resistanceto friction

­ [implicitly alsoassumed: stoneblockshaveinfinite stiffness]

seetheseassumptionsin detail:
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https://www.youtube.com/

watch?v=DI-leSI68dM

"The first thing we were realizing about engineering 

is that it is impossible to obtain an exact solution to 

any problem in engineering." (Heyman, 2011)



Heymanôslimit statetheory for masonry

Assumptionsaboutthematerial:

­Ăstoneblockshaveinfinite strengthò

justification: maxheightoftowertocarryitsownweight:

granite: ºabove6-8km; weakstones: ºhundredsofm; km

but: infinitestrengthisnotpossible

­Ăcontactshavezeroresistanceto tensionò

justification: drycontactsoroldweakmortar;

but: crosswisetensileresistance

duetofriction

­Ăcontactsdonotslide: theyhaveinfinite resistanceto frictionò

justification: frictionangleoftenhigh(35-50̄ );

blocksmaybeinterlocked

but: slidingANDtangentialrel. trans. BOTHshouldbeexcluded

­ [implicitly alsoassumed: stoneblockshaveinfinite stiffness]
8 / 52



Heymanôslimit statetheory for masonry

Inspiration: Kooharian(1952):

­ theideato applylimit stateanalysisfor masonry

­ analysisof acirculararch

Heyman(1966):

assumptionsaboutthematerial:

­ stoneblockshaveinfinite strength

­ contactshavezeroresistanceto tension

­ contactsdonotslide: theyhaveinfinite resistanceto friction

­ [implicitly alsoassumed: stoneblockshaveinfinite stiffness]

1. Thestatictheorem[formulatedwithoutproof]:

If a force systemcan be found for the given set of external loads which

satisfies the material criteria and equilibrates the given external

loads, then the structure with the given geometry is safeunder these

loads.
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Heymanôslimit statetheory for masonry

Example: Is it safe?

Try to find equilibratingreactions!

[ realizeaftera few unsuccessfultries: ]

­momentaboutlower right corner

cannotbebalanced

Þ

COLLAPSES!

30̄

5a

2a
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Heymanôslimit statetheory for masonry

Inspiration: Kooharian(1952):

­ theideato applylimit stateanalysisfor masonry

­ analysisof acirculararch

Heyman(1966):

assumptionsaboutthematerial:

­ stoneblockshaveinfinite strength

­ contactshavezeroresistanceto tension

­ contactsdonotslide: theyhaveinfinite resistanceto friction

­ [implicitly alsoassumed: stoneblockshaveinfinite stiffness]

2. Thekinematictheorem[formulatedwithoutproof]:

If a mechanism(a virtual displacementsystem)can be found for the given

set of external loads which satisfies the material criteria and

producesnon-negativework with the given external loads, then the

structure will collapseunder theseloads.
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! internal work is zero !



Heymanôslimit statetheory for masonry

Meaningof thekinematictheorem:

for dW > 0: acceleratingcollapse
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Heymanôslimit statetheory for masonry

Example: Is it safe?

Try possibledispls!

« degreesof freedom:

dW< 0: notdecidedyet

30̄

5a

2a

30̄

5a

2a

30̄

5a

2a

upwards!
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Heymanôslimit statetheory for masonry

Example: Is it safe?

Try possibledispls!

dW< 0: still notdecided

dW> 0: surelycollapses

30̄

5a

2a

30̄

5a

2a

30̄

5a

2a

upwards!

downwards!

14 / 52



THIS LECTURE

Repetition: Plasticlimit theorems

Heymanôslimit statetheoryfor masonry

­ assumptionsaboutthematerial

­ TheStaticTheorem(ĂSafeTheoremò)

­ TheKinematicTheorem(ĂUnsafeTheoremò)

ExampleswhentheSafeTheoremfails

Why doestheSafeTheoremfail?

ExamplewhentheUnsafeTheoremfails

Practicalengineeringcodes

­ Archie-M

­ LimitState:Ring

Questions 15 / 52



ExampleswhentheSafeTheoremFails

PyramidUpwardsDown RimonôsBackpack

ĂIf there exists any systemof forcessatisfyingthe material

conditionsand being in equilibriumwith the loads, then the

structureissafe.ò

Thecomingslides:

­ theoreticalanalysis: why doestheSafeTheoremfail?

­ improvedformulationof theSafeTheoremÝ conclusion: restrictedvalidity!

­ simulatedexperimentsto illustratethedanger

???

16 / 52



THIS LECTURE

Repetition: Plasticlimit theorems

Heymanôslimit statetheoryfor masonry

­ assumptionsaboutthematerial

­ TheStaticTheorem(ĂSafeTheoremò)

­ TheKinematicTheorem(ĂUnsafeTheoremò)

ExampleswhentheSafeTheoremfails

Why doestheSafeTheoremfail?

ExamplewhentheUnsafeTheoremfails

Practicalengineeringcodes

­ Archie-M

­ LimitState:Ring

Questions 17 / 52

« skipping the lengthy derivations: 

slide 21-22; slide 30; é



WhydoestheSafeTheoremfail?

Thegeometryandthematerial

­ blocks: b

anypolyhedralshapes

rigid with infinite strength

­ contacts: c

planar(maybemultiple)

resistcompression& Coulomb-friction

cb
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WhydoestheSafeTheoremfail?

Forcesystems

­ Externalforcesandmoments[given loads]:

(Gb, M b) for everyblockb

­ Contactforces:

(Qbc, Tbc) for everycontactc of blockb

distributednormalforcesalongthecontact:

Ý resultant: Ăcontactpointò

Ý compressionalforce,

distributedtangentialforcesalongthecontact:

Ý anywhere: friction limit cannotbeexceeded

Ý frictional force+ torsionalmoment

Important:

locationof thecontactpoint:

characteristicof theactualcontactforcesystem!

bG
bM bcQb

cx

bcr

bx

bcT

bcn

bG
bM

c

b bcr

bcn

0bcN bcÖ ¢Q n
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WhydoestheSafeTheoremfail?

Displacementsytems

(1) Virtual displacementsystem:

virtual translationandrotationof blockb:

translationof thecontactpointc onblockb:

contactdeformation: relativetranslationandrotationatcontactc:

b bcr

bdu

bdj

bcdu

bc b b bc= + ³u u rd d dj

1 2 1 1 1 2 2 2

1 2

c b c b c b b b c b b b c

c b b

= - = + ³ - + ³

= -

d u u u r u r

ɗ

d d d d dj d dj

d dj dj

;b bud dj

VVV
V
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WhydoestheSafeTheoremfail?

Displacementsytems

(1) Virtual displacementsystem:

virtual translationandrotationof blockb:

translationof thecontactpointc onblockb:

contactdeformation: relativetranslationandrotationatcontactc:

(2) Mechanicallyadmissiblevirtual displacementsystem: (no interpenetration)

b bcr

bdu

bdj

bcdu

bc b b bc= + ³u u rd d dj

1 2 1 1 1 2 2 2

1 2

c b c b c b b b c b b b c

c b b

= - = + ³ - + ³

= -

d u u u r u r

ɗ

d d d d dj d dj

d dj dj

;b bud dj

0cN cNÖ ²Q dd V V

O O21/ 52



WhydoestheSafeTheoremfail?

Displacementsytems

(2) Mechanicallyadmissiblevirtual displacementsystems

­ Heymanian:

no tangentialrelativetranslationoccurs

atanypointof anycontact!

­ Non-Heymanian:

(3) Mechanicallyadmissiblesmallbut finite displacementsystems

Heymanian/ non-Heymanian:

accordingto their first-orderapproximation 22 / 52



WhydoestheSafeTheoremfail?

Equilibriumof a forcesystem: [loads& contactforces]

for everyblockb:

for anyarbitrarysystemof virtual displacementsthefollowing holds:

Note: for all mechanicallyadmissibleHeymanianvirtual displacements:

bG
bM bcQb bcr

bcT

( )

( )

( )

0

0

b bc

bc

b bc bc bc

bc

+ =

+ ³ + =

ä

ä

G Q

M r Q T

( ) ( )
( ) ( )

0b b b b c c c c

b c

Ö + Ö + Ö + Ö =ä äG u M Q d T ɗd dj d d

( )
( )

0 ;c c

c

Ö ²äQ dd

( )
( )

0b b b b

b

Ý Ö + Ö ¢äG u Md dj

( )
( )

0c c

c

Ö =äT ɗd
Wext = 0   if

all contacts remain closed

Wext < 0   if

any contact opens up23 / 52



WhydoestheSafeTheoremfail?

Conclusions:

Note: for all mechanicallyadmissibleHeymanianvirtual displacements:

bG
bM bcQb bcr

bcT

( )
( )

0 ;c c

c

Ö ²äQ dd ( )
( )

0c c

c

Ö =äT ɗd

(i) If an equilibrium force systemcan be found for which for any nonzero

Heymanianvirtual displacementsystemat leastonecontactpoint opensup,

thentheexistenceof theequilibratedforcesystemensuresthat theexternal

work is negative on any arbitrarily chosen mechanically admissible

Heymaniansystem.

(ii) If thereexistsanymechanicallyadmissibleHeymanianvirtual displacement

systemfor which the structure moves with none of the contact points

openingup,thentheexternal work alongthisdisplacementsystemis zero.

Wext = 0   if

all contacts remain closed

Wext < 0   if

any contact opens up

( )
( )

0b b b b

b

Ý Ö + Ö ¢äG u Md dj
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WhydoestheSafeTheoremfail?

Displacementsystems

(3) Mechanicallyadmissiblesmallbut finite displacementsystems

Heymanian / non-Heymanian:

accordingto their first-orderapproximation

small: ­ nonewcontacts;

­ first-orderapproximationgivesthesamesignfor work

if Heymanian:

Case(i): Case(ii ):

( )
( )

(i) 0b b b b

b

ÖD + ÖD <äG u M j
( )

( )

(ii) 0b b b b

b

Ö + Ö =äG u Md dj

( )
( )

??? 0b b b b

b

ÖD + ÖD > <äG u M j
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WhydoestheSafeTheoremfail?

Stabilityof theequilibrium:

Definition: The actual stateof a masonrysystemis stable if thereexistsa

continuous, finite-sized domain of mechanically admissible finite

displacementsystems(Du,Dj) containing(Du = 0,Dj= 0) asaninterior

point, for which the total work doneby the actualexternalandinternal

forcesalongany (Du,Dj) of thesetis negative.

Definition: The actualstateof a masonrysystemis critical if thereexistsany

mechanicallyadmissiblevirtual displacementsystems(du,dj) for which

the total virtual work doneby the actualexternaland internal forces

along(du,dj) of thesetis zero.

[similarly to unstable/ neutralequilibrium]

Stabilityanalysis:

Assumethatanequilibratedcontactforcesystemwasfoundto thegivenloads!

Ý conclusions???
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WhydoestheSafeTheoremfail?

Stabilityanalysis:

Assumethatanequilibratedcontactforcesystemwasfoundto thegivenloads!

Ý conclusions???

Can we find a mechanically admissible Heymanian virtual displacement

systemin suchaway thatnoneof thecontactpointsopensup?

If wecan: Case(ii ) foundfor at leastone

infinitesimallysmallperturbation:

Ý CRITICAL STATE!

If wecannot:

Case(i) found for every perturbationof the position in a small finite

neighborhoodof theanalysedposition:

Ý STABLE STATE against

Heymaniandisplacements!!
( )

( )

(i) 0b b b b

b

ÖD + ÖD <äG u M j

( )
( )

(ii) 0b b b b

b

Ö + Ö =äG u Md dj
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CorrectedFormulationof theSafeTheorem

Assumptions:

(a) themasonryblocksarepolyhedral

(b) themasonryblocksareinfinitely rigid andinfinitely strong

(c) thecontactstransmitno tension

TheSafeTheorem:

If there exists any systemof forces satisfying (a-c) being in

equilibriumwith theloads,and

if there doesnot exist any mechanicallyadmissibleHeymanian

virtual displacementsystemfor which all contactpoints of

this forcesystemremainclosed,

then the structureis safeagainstcollapsealong any Heymanian

displacements.
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ExampleswhentheSafeTheoremFails

Explanation:

PyramidUpwardsDown RimonôsBackpack

PyramidUpwardsDown: SafeTheoremis notvalid for this !

­ aHeymanianvirtual displacementsystemexistssothatnocontactopensup

­ theequilibriumstateis critical; higher-orderanalysisreveals: unstable

RimonôsBackpack: SafeTheoremis only for Heymaniandisps!

­ contactalwaysopensupÝÄexternalwork for anyHeymaniansystems

­ SafeTheorem: noprotectionagainstcollapsealongnon-Heymaniandisps
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Examples

ĂPisaTowerò:
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Examples

Three-ColoumnRoof:



Examples

Three-ColoumnRoof:



Examples

Three-ColoumnRoof:

Non-Heymanian

displacementsystem!



Examples

Three-ColoumnRoof:

Non-Heymanian

displacementsystem!



Examples

Three-ColoumnRoof:

Non-Heymanian

displacementsystem!



Examples

Three-ColoumnRoof:

Non-Heymanian

displacementsystem!



Examples

BucklingArch:



Examples

BucklingArch:

Non-Heymanian

displacementsystem!



Examples

BucklingArch:

Non-Heymanian

displacementsystem!



Conclusion:

theSafeTheoremdoesnot giveprotection

againstcollapsesalong

non-Heymaniandisplacements!
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ExamplewhentheUnsafeTheoremFails

Brick onanInclinedPlane:

dW> 0: collapsesaccordingto theUnsafeTheorem

BUT: for [friction angle]> [angleof theslope]:

in factTHE STRUCTUREIS SAFE!

noticeagain: presenceof tangentialrelativetranslation

Ý theUnsafeTheoremfails

downwards!
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Conclusion:

theUnsafeTheoremis

unnecessarilytoo conservativeif

non-Heymaniandisplacementsarepresent!
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Heymanôslimit statetheory for masonry

Forhome:

Try to applyboththeorems:

Is thestructuresafe?

Underwhatgeometricalconditionscanthestructurebesafe?

Forhome:

Try to applyboththeorems: arethesestructuressafe?

Answer:

¬safe ¬collapses
44 / 52



Shearfailure of historic structures

Beatinietal (underreview):

Cathedralof Pietrasanta,Italy:

UmbertoBridge,Turin, Italy: Ămultiringarchò

ringsslideoneachother;
protectionagainst
shearfailure

http://wikimapia.org/13139959/

it/Duomo-di-San-Martino

http://viafrancigenatoscana.it
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Practical engineeringcodes

e.g. Archie-M: http://www.obvis.com

Bill Harvey,developedsince1981

basedon theStaticTheorem: frictional slidingexcluded;

anequilibrumforcesystemis searchedfor

thrustline­ thrustzone,accordingto thefinite strength

single-spanor multispan
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Practical engineeringcodes

e.g. Archie-M: http://www.obvis.com

Bill Harvey,developedsince1981

basedon theStaticTheorem: frictional slidingexcluded;

anequilibrumforcesystemis searchedfor

thrustline­ thrustzone,accordingto thefinite strength

skewbridges: formally, asif theywerestraight
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Practical engineeringcodes

e.g. LimitState:Ring:

Gilbert& Melbourne(1994); Gilbert (2007)

basedon theparalleluseof the

kinematicAND thestatictheorem

Thebasicline of thoughtfor live loadin additionto selfweight:

­ theanalysiswouldbethis, in caseof manualcalculations:

(i) choosea likely mechanismof collapse;

(ii) compilethework, to calculatethecollapseload;

(iii) try otherlikely collapsemechanismsuntil thecritical oneis found.

­ instead:

a computerizedsolution techniqueto systematicallyfind the collapse

modewith smallestload, for which theequilibriumeqsarealsosatisfied
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Practical engineeringcodes

e.g. LimitState:Ring:

Gilbert& Melbourne(1994); Gilbert (2007)

­ associatedcontactfriction model:

dilationequalsto friction angle

experiencesfor multiring arches:

ĂRINGis usuallyon thesafesideò

­ blockcrushingtakeninto account: Ăthrustzoneòinsteadof Ăthrustlineò

­multispanbridges; multiring archeswith frictional contactsbetweenlayers

­ distributingeffectof backfill takeninto account

­ experimentalandindustrialvalidations:

ĂRINGis usuallyon thesafesideò

http://www.limitstate.com/ring/experimental-validation
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QUESTIONS

1. In caseof generalplasticity, whatdoesthestatictheoremstate,
andwhatdoesthekinematictheoremstate?Underwhatcondition
will thelargestlS surelycoincidewith thesmallestlK ?

2. What are the basic assumptionsin Heyman'stheory for the
materialbehaviour?Justify/ criticize them.

3. What does Heymanôsstatic theorem state? What does
Heymanôskinematic theorem state?Illustrate their use on an
example. Showexampleswhenthesetheoremsfail.

4. Introducethefundamentsof theLimitState:Ring andArchie-M
codes.
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