The Ritz-method

Sample 1.: Determine the displacement function and the deflection of the
end of the console.
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The shape functions arg, =X , ¢, = X’. Both satisfy the conditiong/ = d_ =0 at
X
x = 0. The Ritz approximation function is:

2
w(X)=>.c ¢, =c x*+c, xX’.
i=1

Let’s substitute this approximation function intmtexpression of the potential energy:
dw
I_I(Cl’CZ)_?'([[dX j dx— prdx——j(2q+602x) dx - Jp(clx +c,x°)dx.

Having executed the mtegratlon, one gets
3 4

I‘I(w):%(4lcf+1z3cj+12 cl?)- p(c i, '_)

Applying the stationarity condition we have:

3 4
on =0=4lc +6l°c, - L , iIIetvea—n =0=12", +6l ch—i.
ac, 3El ac, 4E|

The solution of the system of equation gives:

_S% .__p

C = , G, .
24El 12El

S0, the approximate displacement function is:

pl* 5x* 2x° _ .
w(X) = (————)- And the deflection of the end of the console is:
24El " | |
_p
w(l
W) = 8El
For comparison, the:exact solutionis
pl“ 6x° 4x X' _p*
Wi = - +—), w(l
()= 24E|(|2 R wih= 8El
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Sample 2.: Determine the displacement function.

P =0

3 / ——

This is an axially loaded bar of which the potdntiaenergy is:

I‘I(u)——j( ) dx - jpudx

Let's use the shape functions : @, = x(I = x), ¢, = x*(I = X) .
ao, : a0, =2Ix-3x".

Their derivatives are: —L =] -
dx dx

Without computing the potential energy, one canresp directly the system of equation for the

unknown constants.:
all a12 Cl — bl
a, a,lc| |b

a, = (Rp, R,y =EA[ (17 - 4x+ 4x)dx = EA{VX_ZXZ%X?} _ E/;I
e soome i 55
0 3 2 . 6
= EAJ (417X ~12X +9x4)dx=EA{i‘|zxa e +9X5} _2EA
’ 3 5 |, 15

B B _ [ Ix X_4| a|4
=(ax, X(I - X)) a!(lx —X’)dx= a[s 41) 12’
_ I Ix Elzis
bz—a_([(lx —x*)dx= a|:4 5:|0 20

So, the systeme of equations is:

al
[°/3 1*/6 ||c [ /12 C
' l=a . The solution is:|  |= 6EA
Ep{l“/a 2I5/15}[cj LS/ZO} [c} a
6EA

The approximative displacement function is:

u(x)=6a?IAx(I x)+6EAx(I )%.

The normal force function can be computed by k& la
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N(X)= EA@_E‘(P 3x7).
dx

Sample 3.: Determine the displacement function by using the following
shape functions.

: = e

1 ?,(x)

A A

The shape functions are:

¢l=¥,if xslé,¢l=2—¥,if|53xsgl 6, =0,if 2 <x
. I 3x .. | 2 3x .. 2
=0,if x<—,p,=—1+—,if =< x<—,0p,=3——,if — <X
0.=0if x< 1 ¢, =1+ it Lexs2 g, =33

a./ Solution by the potential energy.

n(>-EA{'f(c re0rax+ | @(-D+e e | e (- dx}

1/3 21/3

—a{lfxc 3|—><dx+2'j'3 [c1(2—|—)+c2(—1+|—)}dx+ J xc (3——)dx}

1/3 21/3

After integration one has:

M =E—A(§)2{cf%+(c —-2CgC, +c) +C; 3} a(c, /3y cl((%)z_(%yj_

2 \ I

C, 2'3_'_3_& Ll YARY. _2_3_'_3 ':_32_3'2_
GRS ()I+ ]G]
—&[la—(%')a})zﬁ(c —cg, + c)—al—(c(1+9 7)+c(——+7+i;3—19))_

3|£A(c —-cC, *+C) —a% (3c, +6¢,).

From the stationarity condition, one has:

a—H:3£A(2cl—c2) al— 0, on 3£A( -C,+2¢,) - al 0.
oc, I 9 oc, | 9
4al’ _ bal’

The resultis: C = . The approximative displacement function is:

’ Cg -
81EA 81EA

The Ritz method 3



00 = 28X it e L iy =8 0005 L2 ang
27EA 3 27EA 3 3
2
(x):5| a(l - x) ¢ 2
27EA 3
b./ Solution by writing the system of equations dikgct
1/3 21/3 :3 :3 6EE/\
L= EA(J () dx+ | (——) dx+ [0°dx) = EAC+7) =2,
21/3

2H3 SEBA
a,=a,,a,-a,=EA[ = (——)d ===

1/3

bl——szdx+aj (2x— x—%(§)3+a{x2—)l(—} =%,

S it P ORI FCRnEd

:2aI2

. So the system of equation is:

3EA[ 2 -1ff¢]_a’[1 c]_ a [4
— = . From this, the solution is: = .
| [-1 2|lc,| 9|2 c,| 8IEA|5

It can be seen that this way is faster.

The normal force function by using the differentigation is

du al’?

N(X) =EA—=——=< 1 ¢, for the threel / 3 long interval. The second part of the figure
dx 27
-5
shows the exact solution.
a=31=3
5
) I Nix) ?pp| [%]

/9
1.5

' Nxexact § [ i—]
+ _L'_J/ i
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