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Structural and topology optimization

A
I:,l> (Topology Optimization:
b) . . . . . . Methods and Applications,
AN Wt Bendsge and Sigmund, 2003)

a) sizing optimization:

the areas of the elements of a fixed truss “ground structure” are unknown
b) shape optimization:

the parameters describing the geometry of the boundaries are unknown
c) topology optimization:

the distribution of material is unknown

4 POLITECNICO MILANO 1863



Structural topology optimization: a design tool

“The art of structure is where to put the holes”

Robert Le Ricolais (1894—-1977)
French/American Engineer, “Father of Spatial Structures”
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Structural topology optimization: a design tool

Gigantic tree-like columns support the overhanging
roof canopy of the Qatar National Convention Centre
by Japanese Architect Arata Isozaki
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Structural topology optimization: a design tool

!.‘l"!’ .W
2N

A one-of-a-kind project: a conceptual design for the lllustration for the concept design of a 288 m tall high-rise
Zendai competition (China) created with topology in Australia, showing the engineering and architecture
optimization by Prof. Glaucio Paulino's research expressed together at Skidmore, Owings & Merrill LLP
group along with Skidmore, Owings & Merrill LLP (Beghini, Katz, Baker and Paulino, 2014)
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Outline

» Governing equations:
> “penalized” elasticity problem and structural compliance

» Problem formulation:
» conventional volume-constrained minimum compliance formulation

» Solution of the minimization problem:
» gradient-based algorithms
» sensitivity computation
» numerical issues

» Applications:
» design of stiff structures (with 88-line Matlab code)
» design of compliant mechanisms
» design of periodic microstructures
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Structural topology optimization:

state equations (linear elastic problem)

A homogeneous domain Q € R? with a regular boundary
[ is considered, assuming thatl' =T, U ..

Prescribed displacements with components u, and
tractions with components {, are assigned on I'y and I',

g; are the components of the vector of body loads in Q
(generally neglected)

Ciink are the component of the 4th order elasticity tensor

Let be u the unknown displacement field, ¢ the unknown
stress field and ¢ the unknown strain field. One has:

equilibrium Oiji T+ % = () in Q, along with ~ T;;1; |Ft: tOj
compatibility gij = (u;j+uj;)/2 inQ,along with w; |, = uo;

constitutive law ~ 0;; = O@'jhkghk
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Structural topology optimization:

mathematical formulation

» Given a domain with assigned loads and boundary conditions, find the distribution
of linear elastic isotropic material that minimizes an assigned scalar function for a
fixed set of constraints

L it x € Qpa ‘Fullmaterial”  Function representing a discrete material

U(x) = 0 if €/, “Vod density, i.e. the minimization unknown

C. — 0 Material model to interpolate the constitutive tensor
() = V() KA (i.e. the Young modulus for isotropic material)
E(x) =y(x)E" 0 Ev E
0 = g 5 »y
1l = T (=) 0ijOnk + T+ (0indjr + 0ikjn)

properties of the “full material”

The elastic problem depends on v'(x): find x € H' such that » |r,= », and

/Qw(X)C?jthhk(@) 5¢j(2) dx :/ lo; V; ds, Yuve H!
I't
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Structural topology optimization:

mathematical formulation

» Objective function: “structural compliance”, work of the external loads at
equilibrium, twice the strain energy stored in the structure (Clapeyron th.),
measure of the structural deformability

=W = [ tyuds= [ PO uemwew a0

> Volume constraint; enforcement of the available “volume fraction” of material

Qmat/ﬂgvf /Xdﬂ//dﬂgi Vfgl
0 0
,
wxgin C=Wi(u) Objective function
ad
State equation, as a
! s.t. /Qw(x)ijhkehk(g) ci;(v) dx :fr to;jv; ds, Yv € H', constra?nt
/ng// dQ <V, Volume constraint
\ Q Q
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Structural topology optimization:

NAND/SAND

» Two unknown fields arise in the formulation: density and displacement

In the conventional Nested Analysis and Design Approach (NAND) only the structural design
variable is treated as the optimization variable. In the more demanding Symultaneous Analysis

and Design Approach (SAND) both variables enter the optimization problem
Cmin C=W (w) Objective function
YEYad a

Nested (or treated as
! st ]Q?,D(X)C?jhkghk(@) gij(v) dov = /F to; v; ds, Yu € H', an equality constraint)

/ xd$2 / f dQ < Vy, Volume constraint
\ Q Q

[ max min II(u) M(w) = Ulw) = Wiw) = W(w)/2 =W = -W(u)/2 = —C(u)/2

¢€¢ad yeﬂad

f e / / 0 <V, Max-min problem in terms of the total potential energy
9) 9 N
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Structural topology optimization:

is the continuous problem well-posed?

» Minimization problem with discrete values (0-1): the formulation has no feasible
solution in the case of isotropic material. The stiffest geometry calls for the
largest number of holes, finally achieving “optimal microstructures”

» An enlargement of the design domain is needed

“Void” “Full material” . . . , ,
Function representing a continuous material density,

0<p(x) =1 i.e. the minimization unknown

1. allowing for microstructures with intermediate densities between 0-1:
optimization of composite materials
:2 alternatively, introducing a penalization of the intermediate densities toI
.achleve pure 0-1 design: optimization by distribution of isotropic materlaI.
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Structural topology optimization:

topology optimization of composite materials

1. Material density represents the material as a microstructure (“gray” is allowed)

The microstructure is a composite material with an infinite number of infinitely small
voids, leading to a porous composite with a density varying between 0 and 1.
Macroscopic mechanical features can be derived through homogenization methods.

Since the macroscopic properties of common
types of microstructure are not isotropic an

orientation angle is also needed

© ) Microstructure

“Full material”

Unit cell 1 Unitcell 8 il il el e
N 3 Bt
15 sl Reference sl
Perforated Layered —  t g N Ll LN
\\%) microstructure s soneltl domain il ¢
1 1

microstruture ; ]
“Full material”
] o
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Structural topology optimization:

topology optimization by distribution of isotropic material

2. Intermediate material density is penalized to achieve 0-1 design (no “gray”)

oo -~/ SIMP: Solid Isotropic Microstructure with Penalty
osfl= SIMP P=12]. .. ‘-f;'— (Rozvany et al, 92; Bendsge and Sigmund, 99; Berke 70)
Y 3
20-6 ----------- ---------- --------- ---------- ,' E(p) = ppEO Pmin S P(X) S 1 Pmin = 10
'/ /{1 = Thepowerp > 1 penalizes intermediate densities to achieve pure
02 0-1 design (usually p=3). p,,, is needed against FEM singularities
o——".-c2l.-1 | w |t makes even the compliance minimization a nonconvex problem

RAMP: Rationale Approximation of Material Properties
+  (Stolpe and Svanberg, 03)

P B _ g 0<p(x) =1
1+qﬂ—p% "m)E-:=m4E0
Tt
= A convex interpolation model implies a convex objective function.
Unfortunately, this result is achieved only if g 2 E/E,,;-1

= It works fine for two-material problems with EO=E® E_. =E??
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Structural topology optimization:

topology optimization by distribution of isotropic material

» SIMP/RAMP improves the numerical

L apoigr
i tractability of the continuous setting
(topology — sizing), but does not
completely solve the problem (mesh

- - - “Void’

“Full material”
e Reference el
colill domain il ¢
“Full material”
1.0 T T v )
/
Hashin Shtrikman upper bound /7
/
_———— pi J
08F ——ma P L/ 4
w ,II // ]
(,J' ’
3 R/
306f m )/
/
g e
o //
()]
5041 J/
” m ’ /
~ /
/
0.2} b i
< s
- 7
ol -
- //
’,p" ///
Ole—cmem o ——", 1 1 1
0 0.2 04 0.6 0.8 1.0
Density, p

dependence of the discrete setting)

For p 2 3, SIMP can be seen as a
«material model»

Cjne(p) corresponds to a composite material
constructed from void and the given material at a real
density p, since the bulk modulus k and the shear
modulus u satisfy the Hashin-Shtrikman bounds:

0,,0 0,,0
pi P’
0<x< L 0<pu<
T =)+ )0 20 0
pE’
0<E<E =
- 3—2p
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Governing equations:

SIMP-based elasticity problem

Given a domain with assigned loads and boundary conditions, find the distribution
of linear elastic isotropic material that minimizes an assigned scalar function for a

fixed set of constraints

“Void” “Full material” . . . .
Function representing the continuous material
Prin < p(x) < 1 density, i.e. the minimization unknown

SIMP: Solid Isotropic Microstructure with Penalty
. _ PO i.e. the material interpolation scheme to represent
Ciink(p(x)) = P(X)" Cijni the constitutive tensor depending on p

Elasticity tensor l p>1 to penalize intermediate densities and achieve

of the given isotropic material - i
Cfull material) a pure 0-1 design

The elastic problem depends on 2(x) : find » € H! such that & |r,= u, and

/;2 ppCEjkIEij (w)er (v) d2 = [r ty-vdl Yve H!
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Governing equations:

SIMP-based structural compliance

A classical scheme for the discretization of the above problem adopts the same

mesh of four-node elements and a two-field interpolation with:

- A piecewise constant density discretization (with unknowns x)

PR IR It Ll L I T
e o8

I IEERIARE T  EAA RIS

- A bilinear displacement approximation (with unknowns U)

Kx)U =) /KU, = F T

s
P

e=1

topology optimization — sizing optimization

= Compliance: - work of the external loads at equilibrium (Clapeyron th.)

- measure of the structural deformability

N
¢ = [ AChumyw)onlu) 42 = UTKU = 30 a2 UTKLU,,
Q

e=1

U.: element
displacements vector
K.2: element stiffness
matrix for virgin material
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Problem formulation:

classical formulation for maximum stiffness

MCW Minimum Compliance with Weight (volume) constraint (gendsee and Kikuchi, 88)

Given a domain with assigned loads and boundary conditions, find the distribution
of an amount of linear elastic isotropic material that minimizes the compliance

\

( N
min C=U'KU = Z PUTKU, Structural compliance
wmingwegl 1
bound/side constraints =
N
q s.t. K(x) U =) #’KU, = F, Governing egns. elastic problem
e=1
N N
erAe/Z Ao <V, Volume constraint
e=1 e=1

» Forlow V, truss-like structures arise / for high V, beam with optimal openings are found

V,= 0.4
C/Cy= 2.1

V,= 0.8
C/Cy= 1.1
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Solution of the minimization problem:

gradient-based minimization

» Nested Analysis and Design Approach (NAND): only the structural design
variable is treated as the optimization variable

( Starting guess )

-

Finite element analysis

Sensitivity analysis

Design variables update

convergence?

yes
/ Optimal design /

JAVAVAN

Iterative algorithms:

macrostructural non-gradient approaches,
in general heuristic methods: evolutionary
approaches, fully stressed design
method...

gradient-based approaches:

- optimality criteria

- mathematical programming
(MMA, CONLIN...)

1

sensitivity analysis
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Sensitivity analysis:

fundamentals

> At each iteration, values and derivatives with respect to x, are computed for the
objective function and the volume

C = F'U(x) where U solves KU =F

Assuming that F does not depend on x, one has: 8_6 — FTa_U
aiﬂk a’Ek
Using the chain rule on the equilibrium equation one has:
0K ou ou oK
CU+Ke—=0 - Ke==-2"u
8:Uk " 8$k &r:k 8$k

N
Y = Z r.A, 8_V — A,
e=1 83:]6

= 1+N systems of equations must be solved, per step
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Sensitivity analysis:

the adjoint method

» Derivatives with respect to x, for the objective function can be computed more
efficiently through the adjoint method

o.f. is re-written adding a «zero function», with U arbitrary but fixed real vector

C=F"'U-U"(KU-F)

aC ou ~ . 0K ou
— =F'— - U/ (—U+K—
oC ~ ou -~ 0K
— = (FI —U'K)— —U'—

that can in turn be written as:

U _ _gr Yy  where Usatisfies the adjointeqn. F7 — U7K — 0

8_a:k a:Ck
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Sensitivity analysis:

the adjoint method

The adjoint equation is in the form of an equilibrium equation (self-adjoint problem)

—~— o~

F' “U'K=0 —- KU =F —» U=U

8£Uk 856‘;; Py kR R

= only 1 system of equations must be solved, per step (very efficient)

= the sensitivity is “localized”: only information at the element level is involved (the
effect of the other variables is “hidden” in U,)

= the sensitivity is negative for any element: according to physical intuition,
additional material in any element decreases compliance, i.e. increases stiffness
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Update of the design variables:

optimality criterion

» Heuristic method based on the Lagrangian function of the optimization problem

the o.j. is augmented by the constraints through a set of non-negative multipliers

N N
L=CHAXV=VVo)+ A (KU=F) 4> oo — ) + ¥ Mgl — 1)
! ! | e=1 ! e=1 !

o.f. volume con. equilibrium con. lower bounds upper bounds
optimality arises when all derivatives of the Lagrangian with respect to x, are zero

oL ac oV KU
= — +A—+A]

— A2e + A3, =10 k=12, ..N
Oxy, dxy, Oxy, L Oxy, 2 A3 '
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Update of the design variables:

optimality criterion

Assuming that side constraints are not active and F is design-independent:

oc _oc |
= cm, Xf?;é }4 }{ _pa?UTKOU, + A4, = 0

k=1,2,..N

Hence, for intermediate densities, the strain energy density-like term is
constant all over the domain in the optimal solution. Since areas with high

energy are expected to be too low on stiffness, a fix-point type update scheme
can be formulated. For intermediate density:

T10
S PTy U KUy = 2(Bl)" Add material where B, >1
E Yk \ Ak Nk otherwise remove material
! ! ! l

updated current current n is a tuning parameter
=1 at optimum to stabilize the iteration

(0.5 in general)
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Update of the design variables:

optimality criterion

A general scheme accounting for side constraints reads:

p

max{(1 — )z}, Tpin} if 20.(B])" < max{(1 — )&}, Tpin

v, =< min{(1+ Qal, 1} if min{(1+ ()], 1} < al(Bl)"

2] (Bj)" otherwise
\

= Add material where B, >1, otherwise remove material
= This only takes place if the update does not violate the bounds on x,

= A positive move limit { (0.2 in general) is introduced to ensure that no big
change in relative density arises between two subsequent steps

= The lagrangian multiplier A is updated in an inner iteration loop using bisection in
order to satisfy the active volume constraint
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Update of the design variables:

mathematical programming

Sequential convex programming: a sequence of explicit sub-problems
is used that are convex approximations of the original one

» Sequential linear and quadratic programming techniques attack the
problem without accounting for the specific characteristics of the
involved functions: they generate sub-problems by linearizing both
objective function and constraints in the direct variables

» MMA (svanberg, 1987) and CONLIN (Fleury, 1986) linearize objective function and
constraints in the direct variables and in the reciprocal variables,
depending on the sign of the gradient. Such an approximation perfectly
suits a broad range of structural optimization problems
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Update of the design variables:

Method of Moving Asymptotes (MMA)

» MMA (svanberg, 1987) CONLIN (Fleury, 1986) Use a sequence of simpler approximated
sub-problems of given type. They are separable, convex and are constructed
on the current sensitivity information as well as some history

n

n
~ 0 Pij dij
g;(x) =g; + E -+ E
5(%) =9, i=1Ui_Ii z; — L;

i=

Strain Energy Strain Energy

1
1
L i i 145
N/ ~ 9¢)
_( i E &(X) & Dij = max{0, (U; — .LE') 9i I
b ] e
1

8.‘1.'1.: }

2 8gj
8'.8@ }

= max{0, — (¥ — L,)

U, and L, control the range for
which the approximation is
reasonable, depending on

_ o the iteration history so far - o
negative sensitivity positive sensitivity

1 1 L 1 1
45 90 Xk 135 X}(* 180
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Update of the design variables:

Method of Moving Asymptotes (MMA)

» separable subproblems — necessary conditions of optimality do not couple the
primary variables (the design variables)

» convex approximations — efficient dual methods can be used

For the volume-constrained minimum compliance problem, the sensitivity is
negative and an MMA convex approximation of the o.f. after the j-th step reads:
N

ey - 3 LS )

A dual method can be used:
1) the Lagrange functional is minimized element by element with respect to all x,
2) then, the resulting functional is maximized with respect to A

N

=) -3 B o) e (L)

e=1 e=1

Flexibility + Excellent performance in case of a limited number of constraints
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Numerical issues

» Checkerboard patterns and mesh dependence (Sigmund and Petersson, 98)

il

Ty VY Y

Checkboarded layouts are optimal solutions from a mathematical point of view, but they are not feasible
from a physical point of view (this depends on the adopted FEM and density discretization)

Mesh dependence: different solutions arise for different meshes
(this is the discrete counterpart of not well-posedness)
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Numerical issues:

filters

= Filtered sensitivities of the objective function can be successfully used to prevent
numerical instabilities, i.e. mesh dependence and checkerboard patterns

ac 1 ac .
. 7 E Hegl’g—a : H, = E max (0, r,,;, — dist(e, 1))
Le ZN el N £y N \l/
\L \l/ filter radius \l/
e-th filtered sensitivity I-th unfiltered sensitivity distance between elements

ol

Being d,, the reference size of the mesh of
finite elements:

rin = 1.5 d,, is the minimum value to avoid the
arising of undesired checkerboard patterns

rin > 1.5 d,, provides control on the minimum
thickness of any member of the design
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Numerical issues:

filters

= Alternatively, filtered densities can be easily implemented for increased robustness

. 1 |
Te = 77 E H ey, H. = E max (0, r,,;, — dist(e, 1))
ZN el N N \l/
\L \L filter radius \l/
e-th physical unknown I-th design variable distance between elements
. . L _ o o Oy
The chain rule is needed to compute the derivatives of o.f. and constraints: —— = E —
dIk N 01173 dIk
= Heaviside projection filters can be implemented to reduce blurred edges in case of big r,,
] 1 o
e Z—H He.{.’E,{, T = I — 6—)3ib‘e + xee_ﬁ
o=y | \
e-th intermediate variable I-th design variable e-th physical unknown e-th intermediate variable

B — «~ Heaviside step function

A continuation approch is needed starting the first optimization from large values of 3: high CPU cost
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Numerical issues:

filters

AV AR TANAN
AV ANV AN AN

Optimal layouts using the same filtering radius r,,,, and finer meshes: density filter vs. HS projection filter

N S vt
OLNTVANL

LN\ [SLN,

Optimal layouts using increasing values of the filtering radius r,,,;,, on the same mesh: HS projection filter
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Other numerical issues

( Starting guess )

-

Finite element analysis

Sensitivity analysis

Design variables update m

yes

o What about uniqueness of the solution?

Most problems are non-convex — multiple
solutions arise (one big bar/many small bars under
uni-axial tension)

o What about local minima?

Most problems are non-convex — many local
minima arise (multi-start procedures along with
globally convergent algorithms can be used, but
there is no guarantee of global optimality)

o How to choose the starting guess?

X,=V; or x,=1 are generally used to start the minimization
all over the domain, no matter for their feasibility with
respect to the volume constraint

o How to choose the convergence criterion?

In general, check on the maximum change in density / o.f.
between two subsequent steps

POLITECNICO MILANO 1863




Efficient implementation in Matlab

Efficient topology optimization in MATLAB using 88 lines of code (Andreassen et al, 2011)

It exploits a mesh of nelx x nely four-node finite elements with d_;=1. For each element, one density unknown.
It allows for two filtering techniques (ft=1/2 sensitivity/density filter)

%%%%4 AN 88 LINE TOPOLOGY OPTIMIZATION CODE %%%%

1
> function top88(nelx,nely,volfrac,penal,rmin,ft)

3 %%k MATERIAL PROPERTIES 0

4 EO = 1; E(P) - Emiﬂ,+ pP(E - Emin)

5 Emin = 1le-9;

6 nu = 0.3; U é p(X) g 1

7 %% PREPARE FINITE ELEMENT ANALYSIS

8 A11 = [12 3 -6 -3; 312 3 0; -6 3 12 -3; -3 0 -3 12];

) Ki2= (63 0 3 3-6-3-6 036 3 3-6 3 -6l PR RS et
o Bill1 =1[-4 3-2 9; 3-4-9 4; -2 -9 -4 -3; 9 4 -3 -4]; 7 8 15 16 13 14 5 6 | < Element3
nm B12=[02-3 4-9; -3 2 9-2;, 4 9 2 3;, -9-2 3 2], edofMat =| | 12 19 20 17 18 9 10 | < Element4
12 KE = 1/(1-nu~2)/24*x([A11 A12;A12’ Al11]+nu*[B11 B12;B12’ Bi11]); [

13 nodenrs = reshape(1l:(1+nelx)*(1l+nely),l+nely,1+nelx); 3132 39 40 37 38 29 30 | < Element 12

14 edofVec = reshape(2*nodenrs(l:end-1,1:end-1)+1,nelx*nely,1);

15 edofMat = repmat(edofVec,1,8)+repmat ([0 1 2*nely+[2 3 0 1] -2 -1],nelx*nely,1);
16 1K = reshape (kron(edofMat,ones(8,1))’,64%nelx*nely,1);

17 jK = reshape(kron(edofMat,ones(1,8))’,64*nelx*nely,1);
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Efficient implementation in Matlab

18 % DEFINE LOADS AND SUPPORTS (HALF MBB-BEAM)

19 F = sparse(2,1,-1,2%(nely+1)*(nelx+1),1);

20 U = zeros(2*(nely+1)*(nelx+1),1);

21 fixeddofs = union([1:2:2*%(nely+1)], [2*(nelx+1)*(nely+1)]);
2 alldofs = [1:2%(nely+1)*(nelx+1)];

23 freedofs = setdiff (alldofs,fixeddofs);

1,2 9,10 17,18 25,26 33,34
L 2 L : 1
Y 1 4 7 10
3.4 11,12 19,20 27,28 35,36
2 5 8 11
5,6 13,14 21,22 29,30 137.38
-
W 3 6 9 12
/ 7.8 15,16 23,24 31,32 39,40
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Efficient implementation in Matlab

24 %% PREPARE FILTER
25 iH = ones(nelx*nely*(2*(ceil(rmin)-1)+1)"2,1);

26 jH = ones(size(iH));

27 sH = zeros(size(iH));

3 k = 0;

29 for il = 1:nelx

30 for j1 = 1l:nely

31 el = (i1-1)*nely+j1;

32 for i2 = max(il-(ceil(rmin)-1),1) :min(il+(ceil (rmin)-1) ,nelx)

3 for j2 = max(jl-(ceil(rmin)-1),1) :min(ji+(ceil(rmin)-1) ,nely)

34 e2 = (i2-1)*nely+j2;

35 k = k+1;

36 iH(k) = el;

37 jH(k) = e2;

38 sH(k) = max(0,rmin-sqrt((i1-i2)"2+(j1-j2)"2)); //' ‘// _// _/f //. j/
39 end

40 end H., = Z max (0, 7, — dist(e, 1))
41 end N

42 end

43 H = sparse(iH, jH,sH);

4 Hs = sum(H,2);

45 %% INITIALIZE ITERATION

46 x = repmat(volfrac,nely,nelx);
47 xPhys = x;

s loop = 0; xPhys physical unknown

49 change = 1;

x design unknown
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h
=

52
53
54
55
56
57
58
59

61

62

63

65

67

Efficient implementation in Matlab

%h ST

while

loo
Tolo
sk

K =

U(f
hh
ce

C =
dc
dv
Toto
if

d

els

d

d

end

ART ITERATION
change > 0.01 convergence criterion
p = loop + 1;
FE-ANALYSIS N
= reshape (KE(:)*(Emin+xPhys(:)’. penal*(EO-Emin)) ,64*nelx*nely,1); P((XJ U = EE:erI(OIJ —F
sparse (iK, jK,sK); K = (K+K’)/2; erre e
reedofs) = K(freedofs,freedofs)\F(freedofs);
OBJECTIVE FUNCTION AND SENSITIVITY ANALYSIS N
= reshape (sum((U(edofMat)*KE) .*U(edofMat),2) ,nely,nelx); C =U'KU ::jgzzﬂglJZI(glJe
sum(sum ( (Emin+xPhys. “penal* (EO-Emin)) .*ce)); e=1
-penal*(EO-Emin)*xPhys." (penal-1) . *ce; oC A%
ones(nely,nelx); - = ‘fpii_lljgl<2ljk E;—— = A,
FILTERING/MODIFICATION OF SENSITIVITIES oxy, Lk
ft ==
c(:) = Hx(x(:) .*dc(:))./Hs./max(1e-3,x(:));
eif ft ==
c(:) = Hx(dc(:)./Hs);
v(:) = Hx(dv(:)./Hs);

e=1
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Efficient implementation in Matlab

69 %% OPTIMALITY CRITERIA UPDATE OF DESIGN VARIABLES AND PHYSICAL DENSITIES
70 11 = 0; 12 = 1e9; move = 0.2;

71 while (12-11)/(11+12) > 1le-3 inner loop in the o.c. update to
7 1mid = 0.5%(12+11); enforce the volume constraint
7 xnew = max(0,max(x-move,min(1,min(x+move,x.*sqrt(-dc./dv/1Imid))))); through the multiplier A

74 if ft ==

75 xPhys = xnew; 1

7 elseif ft == 2 Fo=—=—— Har.

77 xPhys(:) = (H*xnew(:))./Hs; ZN H N

78 end —

79 if sum(xPhys(:)) > volfrac*nelx*nely, 11 = 1lmid; else 12 = 1lmid; end

80 end

81 change = max(abs(xnew(:)-x(:)));

82 X = Xnew,;

83 %% PRINT RESULTS xPhys (passive==1) = 0;
84 fprintf(’ It.:%5i Obj.:%11.4f Vol.:%7.3f ch.:%7.3f\n’,loop,c, ... =" Phys (passive==2) = 1;
85 mean (xPhys (:)),change) ; to enforce black/white regions
86 %% PLOT DENSITIES

87 colormap(gray); imagesc(1-xPhys); caxis([0 1]); axis equal; axis off; drawnow;

88 end
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A variation of the theme:

multiple loads

» Optimal design for more than one load case (M) can be achieved working with

the sum of the relevant strain energies T 1
i r T KO
:cmil,}]glil{ C ZU KU ZI;$6U1eKeUze g
v ,2
Z
| st K(x) U, =Y #?K'U,, = F,, i=1.M Z
e=1 ‘g
N N
Z$EA6/ZAE S Vf l 2
N e=1 e=1

only 1 only 2 1+ 2 (1 load case) 1 and 2 (2 load cases)
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A variation of the theme:

multiple loads

» Multiple load cases can be implemented to improve robustness of the layouts

ﬂ1 ﬂz

]2l 9l

statically determinate and partially constrained

multiple
load cases

statically determinate and completely constrained
Load condition can be probabilistic to account for several uncertainties (Logs 2013)

41 POLITECNICO MILANO 1863




A variation of the theme:

compliant mechanisms

» Design of flexible (micro-)mechanisms that transfer an input force or
displacement to another point through elastic body deformation

Given a domain with assigned loads and boundary conditions, find the distribution
of a prescribed amount of linear elastic isotropic material that maximizes the
output displacement:

( 3
max u
Cmin<ze<l O

Input: linear Output: linear
strain actuator strain actuator

! s.t. K(x)+ K, U = F, . | .

design domain springs ﬁ—w\/\ﬁ " y WA—E
e, oty
N N ey
\ e=1 e=1

Inverter
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Sensitivity analysis:

the adjoint method

> Derivatives with respect to x, for the o.f. are computed via the adjoint method
o.f. is re-written adding a «zero function», with A arbitrary but fixed real vector
Uy = LTU = AT ([K(x) + K,] U—-F)
OU g ou oK ou

—LI— — M(—U+ K K.|—
Uyt T T ou + OK
= (L" — A K K.|)— - \'"—U
that can in turn be written as:
auout OK —IN\T . .
= AN ——U = —p "N KU, (not a self-adjoint problem)
aﬁ?k aﬁ}k K

where \ satisfies the adjoint eqn. Kx)+ KA =L
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A variation of the theme:

compliant mechanisms

W\

kilw
\ u in u out
—)
F=1

» Control of “hinge” dimension in «lumped» mechanisms
» Need for geometric non-linear models
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A variation of the theme:

compliant mechanisms

» Design of «distributed» compliant mechanism (structures with no internal hinge)

Computed displacements

1111t

J

Computed displacements

' ‘ [T

dd
3| ddy

pplied d

LI,

syuawade|dsip paid

P T

ajs

\ ‘ e mu

Computed displacements Computed displacements

non-auxetic auxetic
structure structure
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A variation of the theme:

periodic microstructures

Macroscale: Microscale: Constituent material:
RVE level Porous SIMP material
L | N | A // ;

/

\
// \——/OOO

TN
AN\ SIMP-based
periodic cell Y constituent material
_ - Define the
Efl Bl B homogenized
Ef — EH gl costitutive tensor
starting from the
| Syms Egy varying local

constitutive tensor
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A variation of the theme:

periodic microstructures

» Homogenization and periodic boundary conditions

\ ). periodic
e 1 cellY
> [
1= =1 SIMP-based
/ 3\ constituent
material

- Define the
E{l Bl B homogenized
H H costitutive tensor
EQQ EQB .
. starting from the
Syms Ly | varying local

constitutive tensor

» Unit strains are enforced at the boundaries of the cell to compute the so-called

SIMP-based mutual energies:

(11 — 1).'®

(22 s 2) €”®  Unit strains in 2D

(12 = 21 — 3) e’

1 iy
Effm — m/}f@pqmgﬁ(w)efs(ki)dy

q

N
1 : .
H Z UANTK . JAU)
Ez'j o |Y| . .CCJZ( e ) Oe Y e /
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A variation of the theme:

periodic microstructures

1
max E{i + EX s.t. VZ:CJ/; <V
N

Max bulk modulus

min f (Eg(UA(i), U4y

Tmin<Te<l

st [ XN arKe | UAD = F40 = 1,23

EHY <F f
FIES < T max E{] + EJ} s.t. Ef} < f

1
15 CCBV;SV.
VZN !

Max bulk modulus with limited shear modulus
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A variation of the theme:
periodic microstructures

» Auxetic microstructures — o.f. -g,/¢, , -€,/¢,
f

min By — 8 (B] + E))

Tmin <ze<l

1 0<B<1
S.t. V%:Zcevég ‘/} .

\

Highly nonconvex: many (local) solutions!
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Some remarks

» Topology optimization by distribution of isotropic material is a powerful numerical
tool to perform conceptual design of structures, structural components and
materials

» Key ingredients are: adoption of a “material model”, formulation of a constrained
minimization problem, implementation of ad hoc/general algorithms for the
solution, iterative computation of obj. fun., constraints and sensitivities

» Numerical issues: instabilities, mesh dependence, non uniqueness of the
solution, local/global minima

» Very easy implementation for basic problems (design for stiff structures /
compliant mechanisms / periodic microstructures)

» Many advanced issues can be dealt with...
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Some references

» Suggested readings
Bendsge MP, Sigmund O (2003) Topology optimization - Theory, methods and applications. Springer, Berlin
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structural topology optimization. Eng Struct;59:716-726

Bendsge MP, Sigmund O (1999) Material interpolation schemes in topology optimization. Arch Appl Mech
69:635-654

Andreassen E, Clausen A, Schevenels M, Lazarov BS, Sigmund O (2011) Efficient topology optimization in
MATLAB using 88 lines of code. Struct Multidiscip Optim 43:1-16

Sigmund O, Petersson J (1998) Numerical instabilities in topology optimization: a survey on procedures dealing
with checkerboards, mesh-dependencies and local minima. Struct Optim 16(1): 68-75

Svanberg K (1987) Method of moving asymptotes-a new method for structural optimization. Int J Numer
Methods Eng 24(2):359-373

Logo J (2013) On the optimal layout of structures subjected to probabilistic or multiply loading. Struct
Mutltidiscip Opt;48(6):1207-1212.

» Pictures and numerical examples from authored and co-authored papers
https://orcid.org/0000-0003-3403-6127
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