
Exercises in the field of error propagation 
 
Exercise 1. We have to measure the elevation difference of two points with the mean 
error of 1,5 mm. We carry out repeated two-way levellings, where the elevation 
difference computed from a one-way levelling has the mean error of 6 mm. How many 
times do we have to repeat the two-way levellings to achieve the required accuracy? 
 
The mean error of a one-way levelling: 
 ݉௢௡௘ି௪௔௬ ൌ േ6݉݉ 
 
The elevation difference computed from forward and backward levellings: 
 ∆݄௧௪௢ି௪௔௬ ൌ ∆݄௙௢௥௪௔௥ௗ െ ∆݄௕௔௖௞௪௔௥ௗ2  
 
In order to compute the mean error of a two-way levelling, we apply the law of error 
propagation: 
 డ∆௛೟ೢ೚షೢೌ೤డ∆௛೑೚ೝೢೌೝ೏ ൌ ଵଶ, and డ∆௛೟ೢ೚షೢೌ೤డ∆௛್ೌ೎ೢೌೝ೏ ൌ െ ଵଶ.  

 
since the mean error of a one-way levelling is given, therefore: 
 ݉௙௢௥௪௔௥ௗ ൌ ݉௕௔௖௞௪௔௥ௗ ൌ ݉௢௡௘ି௪௔௬. 

 
According to the law of error propagation: 
 ݉௧௪௢ି௪௔௬ ൌ ඨ൬12൰ଶ ݉௙௢௥௪௔௥ௗଶ ൅ ൬െ 12൰ଶ ݉௕௔௖௞௪௔௥ௗଶ ൌ ݉௢௡௘ି௪௔௬√2 ൌ േ4,2݉݉ 

 
How many times should a two-way levelling be repeated, in order to achieve the required 
mean error of ±1,5 mm? 
 
The most likely value of the results of repeated observations is computed by the 
arithmetic mean (average value): 
 ∆݄തതതത ൌ ∑ ∆௛೔೟ೢ೚షೢೌ೤೙೔సభ ௡ . 

 
When the law of error propagation is applied to the previous formula, the following result 
is obtained: 
 



݉∆௛തതതത ൌ ௠೟ೢ೚షೢೌ೤√௡ . 
 

Since the required mean error ݉∆௛തതതത is given, and the mean error of a two-way levelling 
has been already computed, the number of repetition (n) can be determined as well: 
 േ1,5݉݉ ൒ േସ,ଶ௠௠√௡ , 
 
therefore: 
 ݊ ൒ ൬േ4,2േ1,5൰ଶ ൌ 8. 

 
The two-way levelling should be repeated at least 8 times in order to achieve the required 
mean error. 
 
 
 
Exercise 2. The inner diameter and the height of two cylindrical water towers have been 
measured. The diameters were d = 32,12 m ± 5 cm and the heights were h = 24,45m ± 3 
cm. Compute the cummulative volume of the towers and its mean error! 
 
 
The volume of one cylinder: 
 ܸ ൌ ௗమగସ ݄. 

 
Since we have two cylinders, the total volume is: 
 ܸ ൌ ௗమగଶ ݄ = 39623,22 m3 

 
Applying the law of error propagation to the formula of the volume: 
 డ௏డௗ ൌ m2 డ௏డ௛ 2467,199 = ߨ݄݀ ൌ ௗమగଶ  = 1620,582 m2 

 
The mean error of the volume is: 
 ݉௏ ൌ ටቀడ௏డௗቁଶ ݉ௗଶ ൅ ቀడ௏డ௛ቁଶ ݉௛ଶ ൌ േ132,5 m3 

 
Finally the volume of the two towers is: 39623,22 ± 132,5 m3. 
 
 



 
Exercise 3. In order to compute the 
perimeter of a triangle, we have 
measured the sides a,b and the angle 
α. How much is the area of the 
triangle, and its mean error? 
 
 
 
 
 
 
 
The area of the triangle is:  
ܣ  ൌ ௔௕ଶ sin  m2 3862,4 = ߙ

 
Let’s apply the law of error propagation: 
 డ஺డ௔ ൌ ௕ଶ sin  m 38,54 = ߙ

 డ஺డ௕ ൌ ௔ଶ sin  m 44,34 = ߙ
 డ஺డఈ ൌ ௔௕ଶ cos  m2 2035,66 = ߙ
 

The respective mean error values are: 
 ݉௔ ൌ േ0,05݉ ݉௕ ൌ േ0,04݉ ݉ן ൌ േ7" ൌ േ 7206264,8 ሾ݀ܽݎሿ 

 
Please note that the mean error of angular variables must be converted into radian! 
 
The law of error propagation: 
 ݉஺ ൌ ටቀడ஺డ௔ቁଶ ݉௔ଶ ൅ ቀడ஺డ௕ቁଶ ݉௕ଶ൅ ቀడ஺డןቁଶ ଶן݉ ൌට38,54ଶ · 0,05ଶ ൅ 44,34ଶ · 0,04ଶ ൅ 2035,66ଶ · ቀ ଻ଶ଴଺ଶ଺ସ,଼ቁଶ ൌ ±2,62 m2 
 
So the area of the triangle is: 3862,4 ±2,62 m2. 
 

a=100,23±0,05 m 

b=87,12±0,04m 

α=62-12-32 ± 7”


